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Introduction

A symplectic connection on a symplectic manifold (M, w) is a torsionless linear connec-
tion V on M for which the symplectic 2—form w is parrallel. A symplectic connection
exists on any symplectic manifold and the space of such connections is an affine space
modelled on the space of symmetric 3—-tensorfields on M.

In all what follows, the dimension 2n of the manifold M is assumed to be > 4 unless
explicitely stated. The curvature tensor RV of a symplectic connection V decomposes [
under the action of the symplectic group into 2 irreducible components, RV = EV +WV.
The EV component is defined only in terms of the Ricci-tensor 7V of V. All traces of
the WV component vanish.

Two particular types of symplectic connections thus arize:

- symplectic connections for which WV = 0; we call them Ricci-type symplectic
connections;

- symplectic connections for which £V = 0; they are called Ricci-flat since £V =
0 rY =0.

When studying [1] local and global models for Ricci-type symplectic connections, (or
more generally [2] so called special symplectic connections) , Lorenz Schwachhofer and
the present authors were lead to consider examples of the following construction:

e start with a symplectic manifold (M,w) of dimension 2n;

e build a (cooriented) contact manifold (N, «) of dimension 2n + 1 and a submersion
m: N — M such that da = 7*w;

e define on the manifold P = N x R a natural symplectic structure pu.

It was observed [I] that if (M, w) admits a symplectic connection of Ricci type one could
“lift” this connection to P and the lifted connection is symplectic (relative to p) and
flat.

The aim of this paper is to generalize this result. More precisely we formalize the no-
tion of induction for symplectic manifolds. Starting from a symplectic manifold (M, w),
we define a contact quadruple (M, N, «, ), where N, and 7 are as above, and we
build the corresponding 2n + 2 dimensional symplectic manifold (P, ). We prove the

following:

Theorem HTl Let (M,w) be a symplectic manifold which is the first element of a contact
quadruple (M, N,a, ). Let V be an artitrary symplectic connection on (M,w). Then

one can lift V to a symplectic connection on (P, u) which is Ricci—flat.

This theorem has various applications. In particular one has



Theorem Let (P, ) be a symplectic manifold admitting a conformal vector field S
which is complete, a symplectic vector field E which commutes with S and assume that,
for any x € P, u,(S,E) > 0. Assume the reduction of ¥ = {x € P|u,(S,E) = 1}
by the flow of E has a manifold structure M with © : ¥ — M a surjective submersion.

Then (P, ) admits a Ricci-flat connection.

The paper is organized as follows. In section [l we study sufficient conditions for a
symplectic manifold (M,w) to be the first element of a contact quadruple and we give
examples of such quadruples. Section B is devoted to the lift of hamiltonian (resp con-
formal) vector fields from (M,w) to the induced symplectic manifold (P, ) constructed
via a contact quadruple. We show that if (M, w) is conformal homogeneous, so is (P, u).
Section B describes the structure of conformal homogeneous symplectic manifolds; this
part is certainly known but as we had no immediate reference we decided to include it.
Section H gives some constructions of lifts of symplectic connections of (M,w) to sym-
plectic connections on the induced symplectic manifold (P, 1) constructed via a contact
quadruple. We also prove theorem Bl In section B we give conditions for a symplectic
manifold (P, ) to be obtained by induction from a contact quadruple (M, N, a, 7). We
give also a proof of theorem B3

1 Induction and contact quadruples

Definition 1.1 A contact quadruple is a quadruple (M, N, «, 7) where M is a 2n
dimensional smooth manifold, N is a smooth 2n + 1 dimensional manifold, « is a coori-
ented contact structure on N (i.e. a is a 1-form on N such that o A (da)™ is nowhere
vanishing), 7 : N — M is a smooth submersion and da = 7*w where w is a symplectic
2—form on M.

Definition 1.2 Given a contact quadruple (M, N, a, 7) the induced symplectic man-

ifold is the 2n + 2 dimensional manifold
P:=NxR
endowed with the (exact) symplectic structure
p = 2e* ds A pia+ e dpia = d(e** pia)

where s denotes the variable along R and p; : P — N the projection on the first factor.



Induction in the sense of building a 2n + 2— dimensional symplectic manifold from a

symplectic manifold of dimension 2n is also considered by Kostant in [3].

Remark 1.3 e The vector field S := 9, on P is such that i(S)u = 2e**(pja); hence
Lgp =2p and S is a conformal vector field.

e The Reeb vector field Z on N (i.e. the vector field Z on N such that i(Z)da = 0 and
i(Z)a = 1) lifts to a vector field £ on P such that: p, £ = Z and ds(F) = 0. Since
i(E)u = —d(e**), E is a Hamiltonian vector field on (P, ). Furthermore

[E,S] = 0
wE,S) = —2e*.

e Observe also that if ¥ = {y € P|s(y) = 0}, the reduction of (P, i) relative to the
constraint manifold ¥ (which is isomorphic to N) is precisely (M, w).

e For y € P define H,(C T,P) => E,S <*». Then H, is symplectic and (7 o p1).y
defines a linear isomorphism between H, and 1%, M. Vector fields on M thus admit
“horizontal” lifts to P.

We shall now make some remarks on the existence of a contact quadruple the first term

of which corresponds to a given symplectic manifold (M, w).

Lemma 1.4 Let (M,w) be a smooth symplectic manifold of dimension 2n and let N be
a smooth (2n + 1) dimensional manifold admitting a smooth surjective submersion m on
M. Let H be a smooth 2n dimensional distribution on N such that 7., : Hy — Tr@yM
is a linear isomorphism (remark that such a distribution may always be constructed by
choosing a smooth riemannian metric g on N and setting H, = (ker m.,)* ). Then either
there exists a smooth nowhere vanishing 1-form « and a smooth vector field Z such that
Vo € N we have (i) ker oo, = H, (1) Z, € ker my, (i0i) a(Z,) = 1 or the same is true

for a double cover of N.

PROOF Choose an auxiliary riemannian metric ¢ on M and consider N' = {Z €
TN|Z € kerm, and g(Z,Z) = 1}. If N' has two components, one can choose a global
vector field Z € ker 7, on N and define a smooth 1-form a with ker« = H and a(Z) = 1.
If N’ is connected, N’ is a double cover of N (p: N' — N : Z, — x) and we can choose

coherently Z" € TN’ by the rule that its projection on T, N is precisely Z. O

This says that if we have a pair (M, N) with a surjective submersion 7 : N — M we

can always assume (by passing eventually to a double cover of N) that there exists a
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nowhere vanishing vector field Z € ker m, and a nowhere vanishing 1-form « such that
a(Z) = 1 and ker a projects isomorphically on the tangent space to M. The vector field
Z is determined up to non zero multiplicative factor by the submersion 7; on the other
hand, having chosen Z, the 1-form « can be modified by the addition of an arbitrary
1-form ( vanishing on Z. If & = a + [ is another choice, the 2-form da is the pull back
of a 2-form on M iff i(Z)da = 0; i. e. iff:

(i) LzB = —Lza (ii) 8(Z) = 0.
This can always be solved locally. We shall assume this can be solved globally.

Lemma 1.5 Let (M,w) be a smooth symplectic manifold of dimension 2n and let N be
a smooth (2n + 1) dimensional manifold admitting a smooth surjective submersion m on
M. Let Z be a smooth nowhere vanishing vector field on N belonging to ker 7,. Let a be
a 1-form such that o(Z) = 1. If Lya = pa, for a certain p € C*°(N), then =0 and
da is the pullback of a closed 2-form v on M. Furthermore if X (respY ) is a vector field
on M and X (resp Y ) is the vector field on N such that (i) 7,.X = X (resp. .Y =Y)
(ii) a(X) = a(Y) = 0 then:

(X, Y]-[X,Y] = -7 Ww(X,Y))Z
[Z,X] = 0.
PrROOF We have 7,[Z, X] =0, [Z, X] = a([Z,X])Z = —(Lza)(X)Z = 0.
Since (Lza)(Z) = da(Z,Z) = 0, p vanishes. Also:

i(Z)do = Lz00 = 0.

so da is the pullback of a closed 2—form v on M. Finally:

=~

[ X,
[

| = m[XY]
| = XY]

S
~
+

Y

a([X,V])Z = [X,Y] - da(X,Y)Z.

Corollary 1.6 If v = w, the manifold (N, «) is a contact manifold and Z is the corre-

sponding Reeb vector.

We shall now give examples of contact quadruples for given symplectic manifolds.



Example 1 Let (M,w = d)\) be an exact symplectic manifold. Define N = M x R,
m = p1 (=projection of the first factor), a = dt + pi\; then (N, ) is a contact manifold
and (M, N, «, ) is a contact quadruple.

The associated induced manifold is P = N x R = M x R?; with coordinates (¢, s) on

R? and obvious identification
po=e* [d\+2ds A (dt + N)].

Example 2 Let (M,w) be a quantizable symplectic manifold; this means that there is
a complex line bundle L 25 M with hermitean structure A and a connection V on L
preserving h whose curvature is proportional to iw.
Define N :={¢& € L | h(¢,&) =1} C L to be the unit circle sub-bundle. It is a principal
U(1) bundle and L is the associated bundle L = N X1y C. The connection 1-form on N
(representing V) is u(1) = iR valued and will be denoted «/; its curvature is do’ = ikw.
Define o := %a’ and 7 := p|y : N — M the surjective submersion. Then (M, N, a, )
is a contact quadruple.

The associated induced manifold P is in bijection with Ly = L\ zero section; indeed,
consider

U:Ly—-P=NxR:¢(— (@,klnh(g,g)m) .

Clearly Lg is a C* principal bundle on M; denote by ¢& the C*—valued 1-form on Lg
representing V; if j; : N — Lg is the natural injection and similarly js : :{R — C the
obvious injection, we have

k< - /
Jid = jaod.

Then
((\P_l)*d) (£0,5) (Xfo +ads) = Qg es/k (\Ij*_l(Xﬁo + ads)
= gy (Re-osn, 0 U1 (X, + ady))
. . a
= afo(Xﬁo + aas) = J2 O/(X§0> + E
i. e. 4
U Haq = pijpa + ?S

1

On the other hand the 1-form e*pia = %e%p’{ jaa’; this shows how the symplectic form
7

pt = d(e* pta) on P is related to the connection form on Lo [ = d(SW~"*d)).

Such examples have been studied by Kostant [3].



Example 3 Let (M,w) be a connected homogeneous symplectic manifold; i. e. M =
G/H where G is a Lie group which we may assume connected and simply connected and
where H is the stabilizer in G of a point xo € M. lf p: G — M : g — gxg, p*w is aleft
invariant closed 2-form on G and €2 = (p*w)., (e=neutral element of GG) is a Chevalley
2-cocycle on g (=Lie Algebra of G) with values in R (for the trivial representation).

Notice that € vanishes as soon as one of its arguments is in h (=Lie algebra of H). Let

g1 = g © R be the central extension of g defined by €2; i. e.
[(Xa CL), (Y> b)] = ([Xa Y]a Q(X> Y))

Let b’ be the subalgebra of g;, isomorphic to b, defined by b’ := {(X,0)| X € h}.
Let G be the connected and simply connected group of algebra g, and let H’ be the
connected subgroup of GG; with Lie algebra h'. Assume H’ is closed.

Then G,/H’ admits a natural structure of smooth manifold; define N := G,/H’. Let
p1 : G — G be the homomorphism whose differential is the projection g; — g on the
first factor; clearly p1(H') C H. Definen : N =G,/H — M =G/H : gtH' — pi(g1)H;
it is a surjective submersion.

We shall now construct the contact form o on N: pj o p*w is a left invariant closed
2-form on (G vanishing on the fibers of pop; : Gy — M. Its value ); at the neutral
element e; of (G is a Chevalley 2-cocycle of g; with values in R. Define the 1-cochain
a; g1 — R:(X,a) — —a. Then

Ql(<X7 a’)v (K b)) = (p*w)e(Xv Y) = Q<X7 Y) = _al([<X7 a’)v (K b)])
= 5@1((X,a),(Y,b)),

i. e. 1 = day is a coboundary. Let a; be the left invariant 1-form on G corresponding
to ay. Let ¢ : Gy — G1/H’ = N be the natural projection. We shall show that there
exists a 1-form « on N so that ¢*a = @;.

For any U € g; denote by U the corresponding left invariant vector field on G;. For any
X € b’ we have

i(X)d = ay(X) =0

(Lgan)((Y,0)) = = ([X, (Y, 0)]) = —ea([X, (Y, 0)]) = (X, V) =0

so that indeed &y is the pullback by ¢ of a 1-form & on N = G;/H’. Furthermore



do = m*w because both are GG invariant 2—forms on N and:

(d0)yen (X, @)™, (V,0)N) = (g°da)e, (X, 0), (VD))
= (dan)e, (X, 0), (2D)
= Q(X)Y),
— me(X*M,Y*M)

= (T"W)gen (X, a)™, (Y. 0)™)

where we denote by U* the fundamental vector field on N associated to U € g; . Thus

Lemma 1.7 Let (M = G/H,w) be a homogeneous symplectic manifold; let Q be the
value at the neutral element of G of the pull back of w to G. This is a Chevalley 2
cocycle of the Lie algebra g of G. If g1 = g ® R is the central extension of g defined by
this 2 cocycle and G is the corresponding connected and simply connected group let H’
be the connected subgroup of Gy with algebra ' = {(X,0)| X € h} = h. Assume H' is
a closed subgroup of G1. Then N = G1/H' admits a natural submersion © on M and
has a contact structure o such that doo = 7*w. Hence (G/H,G1/H', o, ) is a contact

quadruple.

Remark 1.8 The center of (G; is connected and simply connected, hence the central
subgroup expt(0, 1) is isomorphic to R. The subgroup p; '(H) is a closed Lie subgroup
of G; whose connected component is p;*(Hy) (Hy =connected component of H). The

universal cover py!(Hy) of py'(Hy)) is the direct product of H, (=universal cover of Hy)
by R. If v : p;*(Hy) — p;*(Hp) is the covering homomorphism, the subgroup H' we
are interested in is H' = v(H,). Clearly if 7, (Hy) ~ ker v is finite , H' is closed and the

construction proceeds.

2 Lift of hamiltonian vector fields and of conformal

vector fields

Let (M,w) be a symplectic manifold of dimension 2n and let (P, u) be the induced sym-
plectic manifold of dimension 2n + 2 constructed via the contact quadruple (M, N, o, 7).

Let X be a hamiltonian vector field on M; i. e.

ﬁxu):O i(X)w:de.



Consider the horizontal lift X of X to N defined by

a(X)=0 T (X) =X,

and the lift X of X to P defined by

X =X ds(X) = 0.
Let Z be the Reeb vector field on (N, «) and let E be its lift to P defined by

pE=2 ds(E) = 0.

Definition 2.1 Define the lift X of a hamiltonian vector field X on (M,w) as the vector
field on P defined by:

X:):(—(p’lkﬂ*fx)-E::):(—EE.

Lemma 2.2 The vector field X is a hamiltonian vector field on (P, ). Furthermore if
g is a Lie algebra of vector fields X on M having a strongly hamiltonian action, then
the set of vector fields X on P form an algebra isomorphic to g and its action on (P, 1)

1s strongly hamiltonian.

PROOF (X)) = i(X — fxE)(e®(pim*w + 2ds A pia)) = e (dfx + 2dsfx) = d(e* fx)
which shows that X is hamiltonian and that the hamiltonian function is f ¢ =e* f X-
Alsoif X|Y € g:

>l

(X,Y] = [X - fxEY - [yE]
Y] — (mop)'w(X,Y)E — (Xfy)E+Y fxE
= [X,)Y] = (mrop) fxmFE

= [X)Y]

[
=

|

Is

and
{feo fr} = (X = xB)(@ fy) = Xy = e fiew) = oy

If C'is a conformal vector field on (M, w) we may assume

Low=w di(Cw = w.



By analogy of what we just did, define the lift Cy of C' to (P, i) by:
ds(C1) =0  p..Ci=C+bZ
(ie. mp1.Cy = C and Cy = C + pibE). Then
Lep = di(Cy)e® (pim*w + 2ds A pla) = d[e* (pin*i(C)w — 2pibds))

= e*[pin*w + 2ds A pin*i(C)w — 2pidb A ds]
= e*[pin*w + 2ds A (pim*(i(C)w) + pidb)].

Thus () is a conformal vector field provided:
pimri(Cw + pidb = pia.

Or equivalently
a—1%i(C)w = db.

The left hand side is a closed 1-form. If this form is exact we are able to lift C' to a
conformal vector field C; on P. Notice that the rate of variation of b along the flow of
the Reeb vector field is prescribed:

Zb=1.

A variation of this construction reads as follows. Let
Cy=C + aFE + 10;.
Then:

Lep = d(i(C + aE +19,))e* (pim*w + 2ds A pj)
= d(*(pi7*(i(C)w) — 2ads + 2lp}a))
= e¥[pin*w — 2da A ds + 2lpim*w + 2ds A pin*i(C)w + 2lds A pia+ 2dl A pial
= e®[(1+ 2])pim*w + 2ds A (da + pim*i(C)w + 2lpia) + 2dl A pial.

If we choose [ = —1/2
Leyp = 2¢*ds A (pim*i(C)w — pia + da).

Thus C, is a symplectic vector field on (P, ) if the closed 1-form 7%i(C')w — o is exact.
If this is the case the lift Cy is hamiltonian and

fe, = —ae®.



Lemma 2.3 If C is a conformal vector field on (M,w), it admits a lift Cy (resp. C3) to

(P, i) which is conformal (resp. hamiltonian) if the closed 1-form 7*i(C)w — « is exact.

Let g be an algebra of conformal vector fields on (M,w). Let X € g be such that
Lx+w = w (where X} = %exp —tX.x|p; x € M). Then g = RX & g;, where the vector
fields associated to the elements of g;, are symplectic. We shall assume here that they
are hamiltonian; i.e. VY € gy, i(Y")w = dfy.

Consider the lifts of these vector fields to (P, u).

(X5 Y% = +pIbE, Y — fy E]

= pim (X fy)E — pi(Y*D)E + fypi(Zb)E

X,Y] +[-pimw(X,Y) = pimw(Y, X) + pir'w(X,Y) + B
= IXY] 45 @(X,Y) + fy) Es

(XY Nw = —Ly«i(X")w=—0Y")d+ di(Y"))i(X")w

= —i(Yw —dw(X,Y) = —dw(X,Y) + fy).

< <l
=i

*
*
Y

[
[

—

Hence

—_—

X5, = (X Y],

A similar calculation shows that

—_—

[X;, Y/*] = [X*> Y*]'
Notice as before that Lgu = 0 and Lo, pu = —2u.

Proposition 2.4 Let (M,w) be the first term of a contact quadruple (M, N, o, ) and
let (P, 1) be the associated induced symplectic manifold. Then

(i) If G is a connected Lie group acting in a strongly hamiltonian way on (M,w),

this action lifts to a strongly hamiltonian action of G (= universal cover of G) on
(P, 1)

(ii) If X is a conformal vector field on (M,w) it admits a conformal (resp. symplectic)
lift to (P, ) if the closed 1-form w*(i(X)w) — a is exact. The symplectic lift is in

fact hamiltonian.

(#ii) The vector field E on P is hamiltonian and the vector field O is conformal.

Corollary 2.5 If (M,w) admits a transitive hamiltonian action (P, u) admits a transi-
tive conformal action. If (M,w) admits a transitive conformal (hamiltonian) action then
so does (P, ).
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The stability of the class of conformally homogeneous spaces under this construction

leads us to the study of these spaces.

3 Conformally homogeneous symplectic manifolds

Definition 3.1 Let (M,w) be a smooth connected 2n > 4 dimensional symplectic man-

ifold. A connected Lie group G is said to act conformally on (M,w) if
(i) Vg € G, g'w = c(g)w
(ii) There exists at least one g € G such that ¢(g) # 1.

As w is closed ¢(g) € R; also ¢ : G — R is a character of G. Let G; = ker¢; it is a closed,
normal, codimension 1 subgroup of G.
Let g (resp. g1) be the Lie algebra of G (resp. G1). Then there exists 0 # X € g such
that

g=0 ®RX (and) a(X) =1

The 1-parametric group exp tX is such that
(exptX)w = e'w

and this group exptX is thus isomorphic to R. Hence the group G is connected and if
G is simply connected so is G;. If X* is the fundamental vector field on M associated

to X, remark that Lx-w = —w since X = < exp —tX - z|o.

Definition 3.2 A symplectic manifold (M, w) of dimension 2n > 4 is called conformal

homogeneous if there exists a Lie group G acting conformally and transitively on
(M,w).

We assume M and G connected. Then G (= the universal cover of G) is the semi direct
product of Gy (= the universal cover of Gy) by R.

By transitivity the orbits of (G; are of dimension > 2n — 1. So there are two cases
(i) The maximum of the dimension of the G; orbits is (2n — 1)
(ii) G, admits an open orbit.

Case (i) By transitivity the dimension of all G orbits is (2n — 1). If we write as above
g = g1 ®RX, the vector field X* is everywhere transversal to the GG; orbits. In particular

it is everywhere # 0. Since g; is an ideal in g, the group exp tX permutes the GGy orbits.
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Clearly if 6 is a G orbit, | J,cp exptX -0 = M.
The restriction w|r,e, has rank (2n — 1). Let Z, span the radical of w|r,e, and let
a = —i(X*)w # 0 (so da = w). As a,(Z,) # 0, we normalize Z, so that o, (Z,) = 1.
Then

T,M = RX* @& T,0, = RX* @ (RZ, ® ker a,)

if oo, = az|r,e,. If 7: 67 — M denotes the canonical injection
aA(de)" =g (@A (W) #0.

Thus the orbit 6; is a contact manifold, and Z is the Reeb vector field.
Notice that

(Lx-a)(X") = X'a(X")=0
(Lx=a)(Y") = X'a(Y7") —a[X", V7))
= —X'w(X"Y")+w( X" [ X" YY)
= —(Lxw)(X"Y") =w(X"Y") = —a(Y™")
for any Y € g;. Hence
Ly«a=—a.

This says that the various orbits of GG; have “conformally” equivalent contact structure;
i. e.

a (exptX, - Y*) =e'a, (V) Y €G.

=exptX-x

Furthermore
w([X*, Z,Y") = X"'w(Z,Y") = (Lxw)(Z,Y") —w(Z,[X",Y*]) =0
as [X*, Y*|is tangent to the orbit. This says that [X*, Z] is proportional to Z; also
a([X*, 7)) = X*a(Z) — (Lx-a)(Z) =a(Z) =1
hence [X*, Z] = Z and thus
(exptX)iZy = € Zexpixa
Finally

oY, Z]) = —w(X* Y7, Z])
= —Y'w(X*, Z)+ Ly-w(X*, Z) + w([Y*, X*], Z) = 0
W(Y*, Z1,Y"™) = Y'w(Z,Y") = Ly-w(Z,Y") — w(Z,[Y*,Y"]) = 0.
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Hence [Y*, Z] must be proportional to Z and thus
Y*,Z] =0

which says that the Reeb vector is GGy stable.
Case (ii) G; admits an open orbit. We shall assume that this orbit coincides with M.

Thus (M,w) is a G homogeneous sympletic manifold and w is exact.
w=dn where n:=—i(X")w.
Assume that the action of Gy is strongly hamiltonian; i. e. VY € g,

(Y )w = dfy
{fyv. v} = —W(Y*>Y/*):f[Y,Yq

where U* denotes the fundamental vector field associated to U € g; on ¢;. Then

Ly-n = —Ly«i(X*)w = —(Ly«i(X*) — i(X*) Ly-)w = —i([Y*, X*])w
= df[X,Y} = dfpy

if D =adX|g,.
We also haveL x-n = —n.

By Kostant’s theorem we may identify M (up to a covering) with a coadjoint orbit
0, of G1.
Let £ €0y, let m: Gy — 01 : g1 — g1-& = Ad* 1€ and let Hp be the stabilizer of £ in G;.
It is no restriction to assume X; =0 (since one can replace X by X +Y for any Y € g4
and any tangent vector at & can be written in the form YE*)
Assuming G (hence G1) to be connected and simply connected the derivation D exponen-
tiates to a 1-parametric automorphism group of g; given by e'” and these “exponentiate”
to a l-parametric automorphism group of GG; which will be denoted a(t). The product
law in G = (G - R reads:

(91,t1) (92, t2) = (gra(t1)ga, t1 + t2).

As Xg = 0 we have:

(1at) 5 = 5
(1,1)(91,0)- & = (a(t)g1,t)€ = (a(t)g1,0)(1,t) - €
= (a(t)g1,0) - & = (a(t)gr 0 g1, 0)(91,0) - €.
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In particular if g; € H; (= stabilizer of £ in Gy) a(t)g1 € Hy; hence if Y € by (= Lie
algebra of Hy), [Y, X] € b;.
Furthermore
(Lx-w)(Y],Yy) = —w(¥,Y5)
= X*w(le*v Y?) o w([X*v YT]? Y?) - w(}/l*v [X*v Y?])

The above relation at & reads:
wf(}/l*v Y?) = wﬁ([Xv }/1*]7 Y?) + wf(}/l*v [Xv Y?])
But on #,, w is the Kostant-Souriau symplectic form; hence

(&, V1, Y2]) = (& D[Y1,Y2])
<£_£OD7D/171/2]> =0

That is £ — £D vanishes identically on the derived algebra g.
Conversely suppose we are given an algebra g;, an element £ € gj and a derivation D of
g1 such that

E—¢oD vanishes on g}.

Then, if, as above, H; denotes the stabilizer of £ in G; and by its Lie algebra, one
observes that Y € bh; implies DY € b;.
On the orbit 6; = G, - £ = G1/H; define the vector field Xat&=g & by:

= —a(=t)g - g7 €i=o-

This can be expressed in a nicer way as:

A

Ko 0 2) = Lo lg)or a6 2o = Llai(g), 2)lo

dt dt
for Z € g4
Ad —1 Z - i -1\ .sZ o i —1 sz
a(g1)2 = a—¢(g91 )&’ a_(g1)lo = —-a—i(97 @’ g1)lo
ds ds
d ¢
= aslgr e gl = a_nAdgr e Z
%Ad a_i(g7) %o = —DoAdg;'Z+Adg;'DZ
i. e.
szgg = —¢toDoAdgi'+€&o0Adg; o D.
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Observe that this expression has a meaning; indeed if we assume that g € H; (= stabilizer

of £)
EoAdg™t =¢.

Also if Y € b1, £(¢oDoAde*)|, = —(¢0DoadY o Ade™*¥,Z) = 0 so that
(€0 DoAde™, 2) = (0D, Z).
Thus )A(g =0 and, if h € Hy:
EoDoAdh™ o Ady ™' +¢o0Adh toAdg'D
= (oDoAdg ' +E&0Adg'D.

E=gt=g-h¢

Furthermore if Y € g;:

- o d e
V", Xg = (Ly-X)g = —(¢1. X yeg)lo = —(DY)

dt €

Hence, if Y7, Y5 € g;:
(Lew)e(V7,15) = Xewl¥?,¥) — (DY), Y5) — w(¥F, (DY)")
= <_£7 D[Yiv Yé]) = _<£7 [Yiv }/2]> = _wﬁ(}/l*v Yé*)

and similarly at any other point, so that X is a conformal vector field (Lyw = —w). We

conclude by

Proposition 3.3 Let (M,w)be a smooth connected 2n(> 4) dimensional symplectic
manifold which is conformal homogeneous and let G denote the connected component

of the conformal group. Then

(i) G admits a codimension 1 closed, connected, invariant subgroup Gy which acts
symplectically on M and G/G7 = R.

(i1) If the mazimum dimension of the Gy orbits is (2n — 1) M is a union of (2n — 1)

dimensional Gy orbits; each of these orbits is a contact manifold.

(iii) If G1 acts transitively on M in a strongly hamiltonian way, M is a covering of a
Gy orbit 6 in gj (= dual of the Lie algebra g, of G1). Furthermore if £ € 6, there

exists a derivation D of g1 such that
§E—¢&oD

vanishes on the derived algebra. Conversely if we are given an element £ € g7 and
a derivation such that & — & o D vanishes on the derived algebra, the orbit 8 has the

structure of a conformal homogeneous symplectic manifold.
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4 Induced connections

We consider the situation where we have a smooth symplectic manifold (M,w) of dim
2n, a contact quadruple (M, N, «, w) and the corresponding induced symplectic manifold
(P, ).

Let as before Z be the Reeb vector field on the contact manifold (N, «) (i.e. i(Z)da =
0 and a(Z) = 1). At each point x € N, Ker (m,,) = RZ and Lza = 0.
Recall that P = N x R and p = 2¢* ds A pia + €** dpja where s is the variable along
R and p; : P — N the projection on the first factor.

Let V be a smooth symplectic connection on (M, w). We shall now define a connection
V¥ on P induced by V.

Let us first recall some notations:
Denote by p the projection p=mop; : P — M.
If X is a vector field on M, X is the vector field on P such that

(i) p X=X (i) (pta)(X)=0  (iii) ds(X)=0.
We denote by E the vector field on P such that
(1) puE=2 (i) ds(E)=0.

Clearly the values at any point of P of the vector fields X,E,S =0, span the tangent

space to P at that point and we have

[£,0,)=0 [E,X]=0 [0,,X]=0 [X,Y]=[X,Y]—-pwX,Y)E.
The formulas for V¥ are:

VEY = ViV - Ip"(w(X,Y))E — p*(3(X,Y))d;
VEX = V
VEX = VB9, =X
VEE = p*fo,—20
Vi = VoE=E
vha, = 0,

where f is a function on M, U is a vector field on M, § is a symmetric 2-tensor on M,
and o is the endomorphism of T'M associated to s, hence $(X,Y) = w(X,0Y).
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Notice first that these formulas have the correct linearity properties and yield a
torsion free linear connection on P. One checks readily that VZu = 0 so that V¥ is a
symplectic connection on (P, u).

We now compute the curvature RV of this connection V. We get

RV(X,Y)Z = RV(X,Y)Z
20X, Yo Z —w(Y, Z)oX +w(X, Z)oY —5(Y, 2)X + 5(X, Z2)Y
+p*w(X, D(o,U)(Y, Z)) — w(Y, D(o,U)(X, Z)]0s

RY(X,Y)E = 2D(0,U)(X,Y) = 2D(0,U)(Y, X)
+p WX, 3 fY = VyU = 20%Y) — w(Y, 1 fX — VU — 20°X)]0,

RV (X,E)Y = 2D(0,U)(X,Y) — p*lw(Y, LfX — VxU — 202X))9,

RV (X,E)E = 2 fX —VxU — 202X + p*[X f + 4s(X, )]0,

RV (X, V)0, = RV (X,E)0, =

RV (X,8,)Y = RV (X,0)E=0 RV (X,8,)8,=0

RV (E,0,)X = RV (E,0,)E=0 RY"(E,8,)8, =0
where

D(0,U)(Y,Y') := (Vyo)Y' + Lo (Y, U)Y — Lo (Y, Y')U.

The Ricci tensor 7V" of the connection V7 is given by

VOX,Y) = V(X Y) +2(n+ 1D(X,Y)

TVP():(,E) = —(2n+Dw(X,u) — 2Ty — (Vyo)(X)]
rvp()_(,ﬁs) = 0

V(E,E) = 4Tr(0?) —2nf + 2 Te[X — VxU]
V(B Q) = 0

rV(8,,8,) = 0

Theorem 4.1 In the framework described above, V¥ is a symplectic connection on
(P, i) for any choice of ,U and f. The vector field E on P is affine ( LgV' =0) and
symplectic ( Lz = 0); the vector field Os on P is affine and conformal (Lo, = 2.

Furthermore, choosing
—1
S _= 'rv

2(n+1)

17



2

U: = w(, 1) = o1 TI[Y?V)/O']
_ vy2 o+
f = 2n(n T 1P Tr(pY)” + nTr[X — VxU].

we have:
e the connection V¥ on (P, p) is Ricci flat (i.e. has zero Ricci tensor);

e if the symplectic connection V on (M,w) is of Ricci type, then the connection V¥
on (P, p) is flat.

e if the connection V' is locally symmetric, the connection V is of Ricci type, hence
V¥ is flat.

PrOOF The first point is an immediate consequences of the formulas above for rV".
The second point is a consequence of the differential identities satisfied by the Ricci
type symplectic connections (which appear in M. Cahen, S. Gutt, J. Horowitz and
J. Rawnsley, Homogeneous symplectic manifolds with Ricci-type curvature, J. Geom.
Phys. 38 (2001) 140-151).

The third point comes from the fact that (Vngp)():( ,Y)T contains only one term
in F whose coefficient is %WVP(X, YT, 7). O

5 A reduction construction

We present here a procedure to construct symplectic connections on some reduced sym-
plectic manifolds; this is a generalisation of the construction given by P. Baguis and M.
Cahen [ Lett. Math. Phys. 57 (2001), pp. 149-160].

Let (P, ) be a symplectic manifold of dimension (2n+2). Assume P admits a complete

conformal vector field S:
Lsp = 2u; define a := 3i(S)u so that da = p.
Assume also that P admits a symplectic vector field £ commuting with S

Lgp=0 1S, E] =0 (= Lpa =0).

Then Su(S, E) = (Lsu)(S, E) = 2u(S, E), so if x is a point of P where p, (S, E) # 0

and if s is a parameter along the integral line v of S passing through z and taking value
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0 at =, we have (5 (S, E) = *u,(S, E).
Assume P’ := {z € P|u.(S, E) > 0} # 0 and let:

Y ={r € P|p(S,E) =1} ={z € P| fp(z) = 3}

where fp = —i(E)a = —3u(S, E) so that dfp = —Lpa + i(E)da = i(E)p.

Thus ¥ # () and it is a closed hypersurface (called the constraint hypersurface). Remark
that P' = ¥ x R.

The tangent space to the hypersurface ¥ is given by

T,% = ker(dfg), = ker(i(E)p), = E*++.

The restriction of u, to 7,3 has rank 2n — 2 and a radical spanned by FE,.
Remark thus that the restriction of a to ¥ is a contact 1-form on 3.

Let ~ be the equivalence relation defined on ¥ by the flow of E. Assume that the
quotient ¥/ ~ has a 2n dimensional manifold M structure so that 7 : ¥ — ¥/ ~= M
is a smooth submersion.

Define on ¥ a “horizontal” distribution of dimension 2n, ‘H, by
H=>EFE,S <~

and remark that Ty, H, — Ty—r(yyM is an isomorphism.

Define as usual the reduced 2-form w on M by

wx:w(y)(}/la YV2) = ,Uy(}_/la )72)

where Y; (i = 1,2) is defined by (i) 7.

;=Y (ii) Y € H,.
Notice that 7. [E,Y] = 0, and u(S, [E,Y

Y]) = —Lgu(S,Y) + Eu(S,Y) = 0 hence

[E,Y]=0.
The definition of w, does not depend on the choice of y. Indeed
Ep(Y1,Yz) = Lpp(Y1, ) + p([E, V1], Ya) + p(Y1, [E, Ya]) = 0.

Clearly w is of maximal rank 2n as ‘H is a symplectic subspace. Finally

7 (dw (Y1, Ya, Y3)) = g@ (Yiw(Yz, Y3) — w([Y3, V2], Y3))

= ® (Vip(Ya,Ys) — p([Y1,Ya],Y3))

123

and

Y1, V] = [Y1,Ya] + (S, [V1, Ya) .

Hence w is closed and thus symplectic. Clearly m*w = px = d(qyy).
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Remark 5.1 The symplectic manifold (M, w) is the first element of a contact quadruple
(M, %, say,, ™) and the associated symplectic (2n+ 2)-dimensional manifold is (P, y,,, ).

We shall now consider the reduction of a connection. Let (P, ), E,S, %, M,w be as
above. Let V¥ be a symplectic connection on P and assume that the vecor field E is
affine (LpV?¥ = 0).

Then define a connection V* on ¥ by

V3B :=ViB - uw(ViB, E)S = VLB + u(B,VLE)S.

Then:
ViB - V3A—[A B = (uB,VLE) — u(A, VLEE))S
= (u(B,VEA+[A E)) — (A, VEB + [B, E)))S
= (Ew(B,A) — u(B,[E, A]) — u([E, B], A)S
= (Lppu(B,A))S =0.
Also

(LgV*)aB = [E,ViB+ u(B,V4LE)S]
—VEA]B (B, V[EA E)S - V4[E, Bl — u([E, B], V4E)S
= (LgV")aB + (Eu(B,VLE) — u(B,Vig 4 E) — u([E, B], VLE))S
= (Lpp)(B,V4E) + u(B,[E,VLE] = Vip 4E)S =0

i. e. V¥ is a torsion free connection and E is an affine vector field for V*.

Define a connection VM on M by:
VitYa(y) = V3, Ya(y) — u(Ya, V. S)E.

If z € M, this definition does not depend on the choice of y € 7~1(z). Also

VY, = ViV - Ye] = VEY: - VY -1,V
+ (=Y, V. 8) + p(¥s, VE,S) E
= u(S,[V1, Va)E + (u(V§, Y2, 8) = u(VE,Y1, ) E =0
Finally

T (Viw)(Y2,Y3)) = 7" (Viw(Ya, V3) — w(Vi!Y2,Y3) — w(Ya, Vi V3))

= Yip(Ya,Ys) — (Vi Ys + u(Ye, VL E)S — u(Ya, Vi S)E, Ys)

— (Y, VE Vs + u(Ys, VE E)S — u(Ys, V{ S)E)

=0

i. e. the connection VM is symplectic.
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Lemma 5.2 Let (P, p1) be a symplectic manifold admitting a symplectic connection VT,
a conformal vector field S which is complete, a symplectic vector field E which is affine
and commutes with S. If the constraint manifold ¥ = {x € P|u.(S,E) = 1} is not
empty, and if the reduction of ¥ is a manifold M, this manifold admits a symplectic

structure w and a natural reduced symplectic connection VM.

In particular

Theorem 5.3 Let (P, p) be a symplectic manifold admitting a conformal vector field S
(Lsp = 2u) which is complete, a symplectic vector field E which commutes with S and
assume that, for any x € P, u,(S, E) > 0. If the reduction of ¥ = {x € P | u,(S, E) =1}
by the flow of E has a manifold structure M with w : % — M a surjective submersion,
then M admits a reduced symplectic structure w and (P, u) is obtained by induction from
(M, w) using the contact quadruple (M, %, 2i(S)y, ).

In particular (P, 1) admits a Ricci-flat connection.

Reducing (P, ) as above and inducing back we see that theorem EIl immediately

proves this.
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