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Programme

Introduction to the concept of deformation quantization (existence, classification and

representation results for formal star products).

Notion of formal star products with symmetries; one has a Lie group action (or a Lie
algebra action) compatible with the classical Poisson structure, and one wants to consider star
products such that the Lie group acts by automorphisms (or the Lie algebra acts by derivations).
We recall in particular the link between left invariant star products on Lie groups and Drinfeld

twists, and the notion of universal deformation formulas.

Quantum moment map : Classically, symmetries are particularly interesting when they are
implemented by a moment map. We give indications to build a corresponding quantum version.
Concerning links between representation theory and the quantization of an orbit of a group in
the dual of its Lie algebra, we recall how some star products yield an adapted Fourier transform.

Quantum reduction : reduction is a construction in classical mechanics with symmetries
which allows to reduce the dimension of the manifold; we describe one of the various quantum
analogues which have been considered in the framework of formal deformation quantization.

Considerations about convergence of star products.
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Why Quantization?

Quantum theory provides a description of nature which is more fundamental than
classical theory. We shall consider here only non relativistic descriptions.

Why are we interested in quantization, nature being quantum?

- Giving a quantum description a priori of a physical system is difficult, and the
classical description is often easier to obtain; hence one often uses the classical
description as a starting point to find a quantum description.

- Any given physical theory remains valid within a range of measurements, so that
any modified theory should give the same results in the initial range.
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Classical Mechanics

Classical mechanics, in its Hamiltonian formulation on the motion space, has for
framework a symplectic manifold (or more generally a Poisson manifold).
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Classical mechanics, in its Hamiltonian formulation on the motion space, has for

framework a symplectic manifold (or more generally a Poisson manifold).

A Poisson bracket defined on the space of real valued smooth functions on a manifold M, is a
R- bilinear map on C*°(M), (u,v) — {u, v} such that for any u,v,w € C>°(M):

o{u,v} = —{v,u} (skewsymmetry),

of{u,vw} = {u,v}w + {u, w}v (Leibniz rule)

o{{u, v}, w}+ {{v,w}, u} + {{w, u}, v} = 0 (Jacobi’s identity).
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Quantum Mechanics

Quantum mechanics, in its usual Heisenberg's formulation, has for framework a
Hilbert space (states are rays in that space).

Observables are families of selfadjoint operators on the Hilbert space.
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Quantum Mechanics

Quantum mechanics, in its usual Heisenberg's formulation, has for framework a
Hilbert space (states are rays in that space).
Observables are families of selfadjoint operators on the Hilbert space.
The dynamics is defined in terms of a Hamiltonian H, which is a selfadjoint
operator, and the time evolution of an observable {A;}. is governed by the
equation :

dA i

—L = _[H, A

dt h
We have seen that classical mechanics has for framework a symplectic or Poisson manifold.
Observables are families of smooth functions on that manifold M.
The dynamics is defined in terms of a Hamiltonian H € C°°(M) and the time evolution of an
observable {f;}¢, fi € C°°(M) is governed by the equation :
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Quantum Mechanics

Quantum mechanics, in its usual Heisenberg's formulation, has for framework a
Hilbert space (states are rays in that space).

Observables are families of selfadjoint operators on the Hilbert space.

The dynamics is defined in terms of a Hamiltonian H, which is a selfadjoint
operator, and the time evolution of an observable {A;}. is governed by the

equation :
B _ n,ag.

dt h
We have seen that classical mechanics has for framework a symplectic or Poisson manifold.
Observables are families of smooth functions on that manifold M.
The dynamics is defined in terms of a Hamiltonian H € C°°(M) and the time evolution of an
observable {f;}¢, fi € C°°(M) is governed by the equation :

d

L= _{H ).
dt* {H, fi}

A natural suggestion for quantization is a correspondence Q: f — O(f)
mapping a function f to a self adjoint operator Q(f) on a Hilbert space # in
such a way that Q(1) = Id and

[Q(f), Qg)] = ihQ({f. g}) + O(h?).
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Quantization
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when one puts an irreducibility requirement which is necessary not to violate Heisenberg's

principle.
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There is no correspondence defined on all smooth functions on M so that
[Q(f), Q(g)] = inQ({f,g}),

when one puts an irreducibility requirement which is necessary not to violate Heisenberg's
principle. More precisely, Van Hove proved that there is no irreducible representation of the
Heisenberg algebra, viewed as the algebra of constants and linear functions on R2" endowed

with the Poisson braket, which extends to a representation of the algebra of polynomials on R2".
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Quantization

A natural suggestion for quantization is a correspondence Q: f — Q(f) mapping a function f
to a self adjoint operator Q(f) on a Hilbert space H in such a way that Q(1) = Id and

[Q(F), Qg)] = inQ({f, g}) + O(1?).

There is no correspondence defined on all smooth functions on M so that
[Q(f), Q(g)] = inQ({f,g}),

when one puts an irreducibility requirement which is necessary not to violate Heisenberg's
principle. More precisely, Van Hove proved that there is no irreducible representation of the
Heisenberg algebra, viewed as the algebra of constants and linear functions on R2" endowed
with the Poisson braket, which extends to a representation of the algebra of polynomials on R2".
Flato, Lichnerowicz and Sternheimer introduced Deformation Quantization where they

" suggest that quantisation be understood as a deformation of the structure of the
algebra of classical observables rather than a radical change in the nature of the

observables.”
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Deformation

“ La richesse d'un concept scientifique se mesure a sa puissance de
déformation.”

La formation de I'esprit scientifique - Gaston Bachelard
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Formal Deformation quantization - Star Products

A star product on a Poisson manifold (M, P) is a bilinear map

C>®(M) x C®(M) — C=(M)[[V]] : (u,v) »uxv=ux,v:= ZV'C,(U, v)
r>0

such that :
(a) when the map is extended v-linearly (and continuously in the v-adic topology) to
C®(M)[[v]] x C>(M)[[v]] it is formally associative:

(uxv)*xw=ux*(v*w),

(b) Go(u,v) = uv =: p(u,v),

(¢) Gi(u,v)— Ci(v,u) ={u,v} = P(duAdv);

(d) 1xu=u*xl=u;

the C:'s are bidifferential operators on M (it is then a differential star product).
When each C; is of order < r in each argument, x is called natural .

If f g =g« f for any purely imaginary v = i), * is called Hermitian.
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Example 1: Moyal-Weyl x-product and the Weyl algebra

Let P be a Poisson structure on V = R™ with constant coefficients:

P=> Pio;no;, PI=-PiecR
ij

The Weyl-Moyal * product is

(s v)(2) = exp (5 PPy ("<X>V<Y>>L:y:z~
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v rs
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Let P be a Poisson structure on V = R™ with constant coefficients:

P=> Pio;no;, PI=-PiecR
ij
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v rs
(uxp v)(z) = exp <§P erays> (u(x)v(y))‘ .
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Associativity follows from the fact that 9,y (u *pm v)(t) = (O« + ayk ) exp (%P"&X, ays) (u(x)v(y))

x=y=t

(s v) sm W)(x') =  exp (gP’Sat,azs> ((u 5m V)(O)W(2))

t=z=x'

—  ep (gp"(axr + ay,)azs) op (EP"S' o 3y5'> ((u(x)v(y))w(z))

x=y=z=x'

= o (2P0 + 0,005 +0,00,5) ) ((WV)(2)

, = (wxm (vrm w)(x').
x=y=z=x

When P is non degenerate, (S(V*)[v], *p) is called the Weyl algebra .
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Relation to Weyl's quantization

For the usual quantization of R2" with the canonical Poisson bracket [in coordinates
i pe i — s Ou O9v _ Ou Ov.
{d pi1<i<n}{uv}= j:1<8q,'apj 3Pj6qf>]

the Weyl ordering yields a bijection Qe between polynomials on R2", Clpi, qf] and the space
of differential operators with complex polynomial coefficients Dy, (R"):

) . . 0
Qe (1) = 1d, Quwey(q') = Q' =4, QWeyi(pi) == P; = lﬁafq,-

and to a polynomial in p’s and q's the corresp. totally symmetrized polynomial in Q" and P;:

QWeyI(ql(Pl)z) — %(Ql(Pl)z + PIQIPI + (PI)ZQI)_
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Relation to Weyl's quantization

For the usual quantization of R2" with the canonical Poisson bracket [in coordinates
i pe i — s Ou O9v _ Ou Ov.
{d pi1<i<n}{uv}= j:1<8q,'apj 3Pj6qf>]

the Weyl ordering yields a bijection Qe between polynomials on R2", Clpi, qf] and the space
of differential operators with complex polynomial coefficients Dy, (R"):

7]

Qe (1) = 1d, Oney(q') = Q@ :==¢'", QWeyi(pi) == P; = iﬁafq,-

and to a polynomial in p’s and q's the corresp. totally symmetrized polynomial in Q" and P;:
1
QWeyI(ql(Pl)z) — 5(Ql(Pl)2 + PIQIPI + (PI)ZQI)_
Then

fxw g - QWiy/ (QWey/(f) o QWey/(g))

ih
= fg+ E{ffg}Jro(/’Z):f*Mg\u—m (1)

Hence the Moyal star product is related to the composition of operators via Weyl's quantisation

of polynomials on R2".
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Existence of a star product on any symplectic manifold

On any symplectic manifold (M, w) there exists a differential star product (1983, De Wilde and
Lecomte). In 1985 and 1994, Fedosov gave a recursive construction when one has chosen a
symplectic connection and a sequence of closed 2-forms Q= >kt v wy on M ( a symplectic
connection is a linear torsion free connection V such that Vw = 0. Such a connection exists on
any symplectic manifold, but is not unique):
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it is obtained by identifying C°°(M)[[v]] with an algebra of flat sections of the Weyl bundle
W = F(M) Xsp(v,Q),p W endowed with a flat connection D built from V et Q.
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it is obtained by identifying C°°(M)[[v]] with an algebra of flat sections of the Weyl bundle

W = F(M) Xsp(v,Q),p W endowed with a flat connection D built from V et Q.

F(M) is the bundle of symplectic frames (a symplectic frame at x € M is a linear sympl. iso.
& (V,Q) = (TxM,wy)). F(M) is a principal Sp(V, Q)-bundle over M.

V* is endowed with the constant Poisson structure P = Q~1, and one puts a grading on the
Weyl algebra S(V*)[v], assigning the degree 1 to y € V and the degree 2 to v. Recall that the
product is given by (uxp v)(z) = exp (5 P™0xrdys) (u(x)v(y))|x:y:Z ,

The formal Weyl algebra W is the completion in that grading.
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On any symplectic manifold (M, w) there exists a differential star product (1983, De Wilde and
Lecomte). In 1985 and 1994, Fedosov gave a recursive construction when one has chosen a
symplectic connection and a sequence of closed 2-forms Q= >kt v wy on M ( a symplectic
connection is a linear torsion free connection V such that Vw = 0. Such a connection exists on
any symplectic manifold, but is not unique):

it is obtained by identifying C°°(M)[[v]] with an algebra of flat sections of the Weyl bundle

W = F(M) Xsp(v,Q),p W endowed with a flat connection D built from V et Q.

F(M) is the bundle of symplectic frames (a symplectic frame at x € M is a linear sympl. iso.
& (V,Q) = (TxM,wy)). F(M) is a principal Sp(V, Q)-bundle over M.

V* is endowed with the constant Poisson structure P = Q~1, and one puts a grading on the
Weyl algebra S(V*)[v], assigning the degree 1 to y € V and the degree 2 to v. Recall that the
product is given by (uxp v)(z) = exp (5 P™0xrdys) (u(x)v(y))|x:y:Z ,

The formal Weyl algebra W is the completion in that grading.

p is the natural representation of the symplectic group Sp(V,Q) on W (forany B € sp(V, Q),

p«(B)a= =L[B, a] where [a, b] := (a*p b) — (b*p a) forany a,b € W and B = % ijr Q,;Bj-’yiy/); it acts by

v

automorphisms of xp, so the Weyl bundle is a bundle of algebras, the fiber product being .
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Fedosov's construction on any symplectic manifold

The symplectic connection induces a connection 9 in W: Ja = da — %[%wk,-r’:jy"yf, al.
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Fedosov's construction on any symplectic manifold

The symplectic connection induces a connection 9 in W: Ja = da — %[%wk,-r’:jy"yf, al.
Deform it into Da = da — §(a) — %[r7 a] where §(a) = % [~wiy'dx,a] =3, dxk A Ba—y"k, with
rer(WweAL).

Then DoDa = % [ﬁ —Or+06r+ i[r, r], a].
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The symplectic connection induces a connection 9 in W: Ja = da — %[%wk,-r’:jy"yf, al.
Deform it into Da = da — §(a) — %[r7 a] where §(a) = % [~wiy'dx,a] =3, dxk A Ba—y"k, with
rer(WweAL).

Then DoDa = % [ﬁ —Or+06r+ i[r, r], a].

A rso that 6r = —R + Or — %rz + {1 is given inductively by r = —6R + §0r — %SrQ + 60

- B N P ) . . .
where, writing a = ZPZO,qZO apg = Z2k+p20,q20 v aka"la“-7"paj17'“7jq-yll Ly A A A dda,
for any a € F(W ® A9),

5(apq) = +qu (—)apq if p+q>0and0if p+q=0
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- B N P ) . . .
where, writing a = ZPZO,qZO apg = Z2k+p20,q20 v aka"la“-7"paj17'“7jq-yll Ly A A A dda,
for any a € F(W ® A9),

5(apq) = +qu (—)apq if p+q>0and0if p+q=0

A flat section of W is given inductively by a = § (0a— %[r7 a]) + aco-
It is determined by agg € C°>°(M)[[v]] and is denoted Q(agg).
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Fedosov's construction on any symplectic manifold

The symplectic connection induces a connection 9 in W: Ja = da — %[%wk,-r’:jy"yf, al.
Deform it into Da = da — §(a) — %[r7 a] where §(a) = % [~wiy'dx,a] =3, dxk A Ba—y"k, with
rer(WweAL).

Then DoDa = % [ﬁ —Or+06r+ i[r, r], a].

A rso that 6r = —R + Or — %rz + {1 is given inductively by r = —6R + §0r — %SrQ + 60

- B N P ) . . .
where, writing a = ZPZO,qZO apg = Z2k+p20,q20 v aka"la“-7"paj17'“7jq-yll Ly A A A dda,
for any a € F(W ® A9),

5(apq) = +qu (—)apq if p+q>0and0if p+q=0

A flat section of W is given inductively by a = § (0a— %[r7 a]) + aco-
It is determined by agg € C°>°(M)[[v]] and is denoted Q(agg).

The Fedosov's star product %y ¢ is then obtained by uxvy o v := (Q(u) *m Q(v))oo-
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Equivalence of star products

Given a star product % and any series T =} -, V" T, of linear operators on A = C>°(M), one
can build another star product denoted +’ := T @ x via

ukvi=el (e_Tu*e_Tv). (2)
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Equivalence of star products

Given a star product % and any series T =} -, V" T, of linear operators on A = C>°(M), one
can build another star product denoted +’ := T @ x via

ukvi=el (e_Tu*e_Tv). (2)

Two star products * and *’ are said to be equivalent if there exists a series T such that
equation (2) is satisfied.

If the star products are differential and equivalent, the equivalence can be defined by a series of
differential operators.
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Equivalence of star products

Given a star product % and any series T =} -, V" T, of linear operators on A = C>°(M), one
can build another star product denoted +’ := T @ x via

ukvi=el (e_Tu*e_Tv). (2)

Two star products * and *’ are said to be equivalent if there exists a series T such that
equation (2) is satisfied.

If the star products are differential and equivalent, the equivalence can be defined by a series of
differential operators.

The classification of star products up to equivalence on symplectic manifolds was obtained by
Nest-Tsygan, Deligne , and Bertelson-Cahen-Gutt :

Any star product on a symplectic manifold is equivalent to a Fedosov's one and its equivalence
class is parametrised by the element in H2(M; R)[[v]] given by the series [{)] of de Rham classes
of the closed 2-forms used in the construction.

Fedosov had obtained the classification of star products obtained by his construction, and

Deligne gave an instrinsic way to define the characteristic class associated to a star product.
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Star products for linear Poisson structures

An explicit construction of star product was known for linear Poisson structure, i.e. on the dual
g* of a Lie algebra g with the Poisson structure defined by

Pe(X,Y) =<, [X, Y] >, £€9g" . X, Yeg=Tig",
using the fact that polynomials on g* identify with the symmetric algebra S(g) which in turns is

in bijection with the universal enveloping algebra U(g) via

1
oc:S5(g) - U Xl...XkHE ZXP(I)O"‘OXP(’()'
" PESK

Pulling back the associative structure of U(g) to the space of polynomials on g* yields a
differential star product
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Star products for linear Poisson structures

An explicit construction of star product was known for linear Poisson structure, i.e. on the dual
g* of a Lie algebra g with the Poisson structure defined by

Pe(X,Y) =< &, [X, Y] >, £€9g" . X, Yeg=Tig",
using the fact that polynomials on g* identify with the symmetric algebra S(g) which in turns is
in bijection with the universal enveloping algebra U(g) via
a:S(g)—)L{ Xi. XkaZX (1)© - OXp(k)'
PESK

Pulling back the associative structure of U(g) to the space of polynomials on g* yields a
differential star product

U(g) = ®n>0Un where U, := o(5"(g)) and we decompose an element u € U(g) accordingly
u=> u, For P € SP(g) and Q € S9(g) :

PxQ="> ()"0 ((o(P) o o(Q))p+q—n)- (3)
n>0

This star product is characterised by

y U
Xx Xy ... X = XXy . xk+z VB [ 1X, Xn 1, - L XX Xy X X

where B; are the Bernouilli numbers.
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Star products on a Poisson manifold

A proof by Masmoudi of existence of a star product on a regular Poisson manifold quickly
followed the proofs in the symplectic setting.

For general Poisson manifolds, existence and classification of star products were given by
Kontsevich in 1995 :

The set of equivalence classes of differential star products on a Poisson manifold (M, P)
coincides with the set of equivalence classes of Poisson deformations of P:

P, = Pv+ Pyw? + .- € I (X, N> Tx)[[¥]], such that [P,,P,]s =0,

where equivalence of Poisson deformations is defined via the action of a formal vector field on
M, X =3,5,v" X, via {u, v} = X {e Xu, e Xv}.
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Star products on a Poisson manifold

A proof by Masmoudi of existence of a star product on a regular Poisson manifold quickly
followed the proofs in the symplectic setting.

For general Poisson manifolds, existence and classification of star products were given by
Kontsevich in 1995 :

The set of equivalence classes of differential star products on a Poisson manifold (M, P)
coincides with the set of equivalence classes of Poisson deformations of P:

P, = Pv+ Pyw? + .- € I (X, N> Tx)[[¥]], such that [P,,P,]s =0,

where equivalence of Poisson deformations is defined via the action of a formal vector field on
M, X = Zer V' Xy, via {u, v} = eX {e’xu,e*Xv}.

Remark that in the symplectic framework, this result coincides with the previous one. Indeed
any Poisson deformation P, of the Poisson bracket P on a symplectic manifold (M, w) is of the
form P for a series Q = w + Dok v¥w; where the wy are closed 2-forms, through

P2(du, dv) = —Q(X2, XS,  with X e [(TM)[[v]] defined by i(X})Q = du.
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Formal Deformation and DGLA

We briefly sketch how Kontsevich’'s theorem is a consequence of his formality theorem. A
general yoga sees any deformation theory encoded in a differential graded Lie algebra structure.

A differential graded Lie algebra (briefly DGLA) (g, [, ], d) is a Z-graded Lie algebra
(9 = ®iezg', [, ] with [g, gJ] C gt/ together with a differential d: g — g, i.e. a graded
derivation of degree 1 (d: g' — g't1, d[a, b] = [da, b] + (—1)!?![a, db]) so that d o d = 0.
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Formal Deformation and DGLA

We briefly sketch how Kontsevich’'s theorem is a consequence of his formality theorem. A
general yoga sees any deformation theory encoded in a differential graded Lie algebra structure.

A differential graded Lie algebra (briefly DGLA) (g, [, ], d) is a Z-graded Lie algebra
(9 = ®iezg', [, ] with [g, gJ] C gt/ together with a differential d: g — g, i.e. a graded
derivation of degree 1 (d: g' — g't1, d[a, b] = [da, b] + (—1)!?![a, db]) so that d o d = 0.

A deformation is a Maurer-Cartan element, i.e. a C € vg![[v]] so that dC — §[C, C]l=0.

Equivalence of deformations is obtained through the action of the group exp vg°[[v]], the
infinitesimal action of a T € vg°[[v]] being T - C := —dT + [T, C]..
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Formal Deformation and DGLA

We briefly sketch how Kontsevich’'s theorem is a consequence of his formality theorem. A
general yoga sees any deformation theory encoded in a differential graded Lie algebra structure.

A differential graded Lie algebra (briefly DGLA) (g, [, ], d) is a Z-graded Lie algebra
(9 = ®iezg', [, ] with [g, gJ] C gt/ together with a differential d: g — g, i.e. a graded
derivation of degree 1 (d: g' — g't1, d[a, b] = [da, b] + (—1)!?![a, db]) so that d o d = 0.

A deformation is a Maurer-Cartan element, i.e. a C € vg![[v]] so that dC — §[C, C]l=0.

Equivalence of deformations is obtained through the action of the group exp vg°[[v]], the
infinitesimal action of a T € vg°[[v]] being T - C := —dT + [T, C]..

To express star products in that framework, consider the DGLA of polydifferential operators.

To express formal Poisson structures in that framework, consider the DGLA of polyvector
fields.
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The Hochschild DGLA associated to an associative algebra

Let (A, ) be an associative algebra with unit on a field K.
Consider the Hochschild complex of multilinear maps from A to itself:

oo
C(A) = Z ¢ with C':= Homg (A®U+D) A);
i=—1
remark that the degree is shifted by one; the degree |A| of a (p + 1)-linear map A is equal to p.
For A; € C™, Ay € C™2, define:
(A1 0 AU(A, -+ Fany wmy41) o= L (D) TUTDAYA, - o, Aol famy)s eyt - - Fong g 1)-

The Gerstenhaber bracket is defined by [A1, A2]g := A1 0 Ay — (—1)™™ Aj o A;. It gives C the
structure of a graded Lie algebra.
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oo
C(A) = Z ¢ with C':= Homg (A®U+D) A);
i=—1
remark that the degree is shifted by one; the degree |A| of a (p + 1)-linear map A is equal to p.
For A; € C™, Ay € C™2, define:
(A1 0 AU(A, -+ Fany wmy41) o= L (D) TUTDAYA, - o, Aol famy)s eyt - - Fong g 1)-

The Gerstenhaber bracket is defined by [A1, A2]g := A1 0 Ay — (—1)™™ Aj o A;. It gives C the
structure of a graded Lie algebra.

An element M € C! defines an associative product iff [M, M]¢ = 0.
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The Hochschild DGLA associated to an associative algebra

Let (A, ) be an associative algebra with unit on a field K.
Consider the Hochschild complex of multilinear maps from A to itself:

oo
C(A) = Z ¢ with C':= Homg (A®U+D) A);
i=—1
remark that the degree is shifted by one; the degree |A| of a (p + 1)-linear map A is equal to p.
For A; € C™, Ay € C™2, define:
(A1 0 AU(A, -+ Fany wmy41) o= L (D) TUTDAYA, - o, Aol famy)s eyt - - Fong g 1)-

The Gerstenhaber bracket is defined by [A1, A2]g := A1 0 Ay — (—1)™™ Aj o A;. It gives C the
structure of a graded Lie algebra.

An element M € C! defines an associative product iff [M, M]¢ = 0.
The differential d,, is defined by d,A = —[u, Alg.
(C(A),[, 1, dy) is a differential graded Lie algebra.
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Star products and DGLA of polydifferential operators

Here we consider A = C°°(M), and we deal with the subalgebra of C(A) consisting of
multidifferential operators

Dpoly (M) := @D D}, (M) with DI, (M)

the set of multi differential operators acting on i + 1 smooth functions on M and vanishing on

constants.
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Star products and DGLA of polydifferential operators

Here we consider A = C°°(M), and we deal with the subalgebra of C(A) consisting of
multidifferential operators

Dpoly (M) := @D D}, (M) with DI, (M)

the set of multi differential operators acting on i + 1 smooth functions on M and vanishing on

constants.
Dpoly (M) is closed under the Gerstenhaber bracket and under the differential dy,, so that
(D

“poly

(M),[,]6,dp :=du|lp) is a DGLA.
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Star products and DGLA of polydifferential operators

Here we consider A = C°°(M), and we deal with the subalgebra of C(A) consisting of
multidifferential operators

Dpoly (M) := @D D}, (M) with DI, (M)

the set of multi differential operators acting on i + 1 smooth functions on M and vanishing on
constants.

Dpoly (M) is closed under the Gerstenhaber bracket and under the differential dy,, so that
(Dpoty (M), [, 16, dp := du|p)  is a DGLA.

A *-product is given by a series of bidifferential operatorsx = pu + C with C € VD;O/y(M)[[V]] a
Maurer-Cartan element of the DGLA (Dpo,y(M),[, le, dp); indeed the associativity
[0+ C,pu+ Clg =0 is equivalent to dpC — %[C, Cle =0.
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Star products and DGLA of polydifferential operators

Here we consider A = C°°(M), and we deal with the subalgebra of C(A) consisting of
multidifferential operators

Dpoly (M) := @D D}, (M) with DI, (M)
the set of multi differential operators acting on i + 1 smooth functions on M and vanishing on

constants.

Dpoly (M) is closed under the Gerstenhaber bracket and under the differential dy,, so that
(Dpoty (M), [, 16, dp := du|p)  is a DGLA.

A *-product is given by a series of bidifferential operatorsx = pu + C with C € VD;O/y(M)[[V]] a
Maurer-Cartan element of the DGLA (Dpo,y(M),[, le, dp); indeed the associativity

[0+ C,pu+ Clg =0 is equivalent to dpC — %[C, Cle =0.

Equivalence of star products is given by the action of e” with T € vDJ_, (M)[[v]] via :

w+ C" = (exp[T, lg) (u + C); the infinitesimal action is T - C := —dpT + [T, Cl¢.
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Poisson deformations and the DGLA of polyvectorfields

Any DGLA (g, [, ], d) has a cohomology complex defined by
Hi(g) :== Ker(d: g' — gi+1)/lm(d: gt = g).

The set H := @, H'(g) inherits the structure of a graded Lie algebra, defined by:

[lal, |bl]H = |[a, b]| where |a] € H denote the equivalence classes of a closed element a € g.

Then (H,[, ]y,0) is a DGLA (with zero differential).
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Poisson deformations and the DGLA of polyvectorfields

Any DGLA (g, [, ], d) has a cohomology complex defined by
Hi(g) :== Ker(d: g' — gi+1)/lm(d: gt = g).

The set H := @, H'(g) inherits the structure of a graded Lie algebra, defined by:

[lal, |bl]H = |[a, b]| where |a] € H denote the equivalence classes of a closed element a € g.
Then (H,[, ]y,0) is a DGLA (with zero differential).

Thm [Vey] Every C € Dzoly(M) such that dp(C) = 0 is the sum of the coboundary of a

B e ’DZ;/;(M) and a 1-differential skewsymmetric p-cocycle A:

HP(Dpoty (M)) = HHE,(C(M), C*(M)) = T(NPLTM) =: T

poly

(M).
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Poisson deformations and the DGLA of polyvectorfields

Any DGLA (g, [, ], d) has a cohomology complex defined by
Hi(g) :== Ker(d: g' — gi+1)/lm(d: gt = g).

The set H := @, H'(g) inherits the structure of a graded Lie algebra, defined by:
[lal, |bl]H = |[a, b]| where |a] € H denote the equivalence classes of a closed element a € g.
Then (H,[, ]y,0) is a DGLA (with zero differential).

Thm [Vey] Every C € D”_ (M) such that dp(C) = 0 is the sum of the coboundary of a

poly
B e ’DZ;/;(M) and a 1-differential skewsymmetric p-cocycle A:

HP(Dpoyy (M)) = HHE, 5 (C° (M), C>(M)) = F(APTLTM) =: TP (M).

poly

The bracket induced on Tp, (M) is -(up to a sign [T1, T2]1 := —[T2, T1i]s) - the

Schouten-Nijenhuis bracket defined by extending the usual Lie bracket of vector fields

XIA - AXGYIA L AYs =Sk S ()X XX A KA L AX AV AL YS A LAY
(Tooty (M), [, 17,0) is a DGLA.
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Poisson deformations and the DGLA of polyvectorfields

Any DGLA (g, [, ], d) has a cohomology complex defined by
Hi(g) :== Ker(d: g' — gi+1)/lm(d: gt = g).

The set H := @, H'(g) inherits the structure of a graded Lie algebra, defined by:

[lal, |bl]H = |[a, b]| where |a] € H denote the equivalence classes of a closed element a € g.

Then (H,[, ]y,0) is a DGLA (with zero differential).
Thm [Vey] Every C € Dzoly(M) such that dp(C) = 0 is the sum of the coboundary of a
B e ’DZ;/;(M) and a 1-differential skewsymmetric p-cocycle A:

Hp(Dpo/y(M)) = HH}

i (C(M), C=(M)) = F(APHTM) =: T

poly

(M).

The bracket induced on Tp, (M) is -(up to a sign [T1, T2]1 := —[T2, T1i]s) - the

Schouten-Nijenhuis bracket defined by extending the usual Lie bracket of vector fields

XIA - AXGYIA L AYs =Sk S ()X XX A KA L AX AV AL YS A LAY

(Tpoy (M), [, 17,0) is a DGLA.

APe 1/7;1(),),(/\4)[[1/]] defines a formal Poisson structure on M iff d7P — %[P, Pls =0.
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Maps between the DGLA's

The natural map Us: 7;io,y(M) — D;w,y(M)

Ul(Xo/\.../\Xn)(fo,...,f,,):(n+l)! ST e0) Xolfr(0) - Xalf(n): (4)

oESh 11

intertwines the differential and induces the identity in cohomology, but is not a DGLA morphism.
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Maps between the DGLA's

The natural map Us: 7;io,y(M) — D;w,y(M)

UI(XOA.../\XH)(@,...,f,,):ﬁ ST e0) Xolfr(0) - Xalf(n): (4)

oESh 11

intertwines the differential and induces the identity in cohomology, but is not a DGLA morphism.

A DGLA morphism from (70, (M), [, ]7,0) to (Dpo,y(M),[, le, dD), inducing the identity in
cohomology, would give a correspondence between a formal Poisson tensor on M and a formal
differential star product on M and a bijection between equivalence classes.
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Maps between the DGLA's

The natural map Us: 7;io,y(M) — D;w,y(M)

UI(XOA.../\XH)(@,...,f,,):ﬁ ST e0) Xolfr(0) - Xalf(n): (4)

oESh 11

intertwines the differential and induces the identity in cohomology, but is not a DGLA morphism.

A DGLA morphism from (70, (M), [, ]7,0) to (Dpo,y(M),[, le, dD), inducing the identity in
cohomology, would give a correspondence between a formal Poisson tensor on M and a formal
differential star product on M and a bijection between equivalence classes.

The existence of such a morphism fails; to circumvent this problem, one extends the notion of

morphism between two DGLA introducing Loo-morphisms.
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L, algebras

Let W = ®jez W/ be a Z-graded vector space; V = W/1] is the shifted graded vector space.

The graded symmetric bialgebra of V, denoted SV, is the quotient of the free algebra 7V by
the two-sided ideal generated by x ® y — (—1)XII"ly ® x for any homog. elements x,y in V.

Agp is induced by Agp : TV — TV @ TV which is the morphism of assoc. algebras so that Ag(x) =1 ®@ x+x ® 1.

A Loo-structure on W is defined to be a graded coderivation Q of S(W/[1]) of degree 1
satisfying Q% = 0 and Q(1swpy) = 0.

Such a Q is determined by Q := priyy) 0 Q : S(W[1]) — W([1] via Q = pgy 0 Q ® Id 0 Agy and we write Q = Q.

The pair (W, Q) is called an Lo.-algebra .
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L, algebras

Let W = ®jez W/ be a Z-graded vector space; V = W/1] is the shifted graded vector space.

The graded symmetric bialgebra of V, denoted SV, is the quotient of the free algebra 7V by
the two-sided ideal generated by x ® y — (—1)XII"ly ® x for any homog. elements x,y in V.

Agp is induced by Agp : TV — TV @ TV which is the morphism of assoc. algebras so that Ag(x) =1 ®@ x+x ® 1.

A Loo-structure on W is defined to be a graded coderivation Q of S(W/[1]) of degree 1
satisfying Q% = 0 and Q(1swpy) = 0.

Such a Q is determined by Q := priyy) 0 Q : S(W[1]) — W([1] via Q = pgy 0 Q ® Id 0 Agy and we write Q = Q.

The pair (W, Q) is called an Lo.-algebra .
Ex: (g,[, ],d) a DGLA = (gﬂ,g =dil+1, ][1]) (with Q defined on S(g[1])).

For ¢ : V&K o w®E g¢[j] : V[[]®K = W[j]®¢ via ¢[j] := (s®%) ™ 0 ¢ o (s®K) where s : V — V[—1] is the identity.

A solution dC + %[C7 C]g = 0 corresponds to a C € vVO[[v]] such that Q(e€) = 0.
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Quasi-isomorphisms and Formality

A Loo-morphism from a Loc-algebra (W, Q) to a Loo-algebra (W', Q') is a morphism of graded
con. coalgebras ¢ : S(W[1]) — S(W'[1]), intertwining differentials

¢OQ:Q’O¢.

Such a morphism is determined by ¢ := pryys[;j o ® : S(W[1]) — W'[1] with (1) =0
via ® = e*? with Ax B=poA® Bo A for A, B € Hom(S(W([1]), S(W'[1]))
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Quasi-isomorphisms and Formality

A Loo-morphism from a Loc-algebra (W, Q) to a Loo-algebra (W', Q') is a morphism of graded
con. coalgebras ¢ : S(W[1]) — S(W'[1]), intertwining differentials

¢OQ:Q’O¢.

Such a morphism is determined by ¢ := pryys[;j o ® : S(W[1]) — W'[1] with (1) =0
via ® = e*? with Ax B=poA® Bo A for A, B € Hom(S(W([1]), S(W'[1]))
® is a quasi-isomorphism if ®1 = ®|y ;) = @1 : W[1] = W’[1] induces an iso. in cohomology.

A formality for a DGLA (g, [, ], d) is a quasi-isomorphism from the Lo.-algebra corresponding
to (H,[, ]u,0) (the cohomology of g with respect to d ), to the Loo-algebra corresponding to

(o[, ],d)ie

& : S(H[1]) — S(g[1]) such that ® o[, 4[] = (d[1] + [, 1] © P.

A quasi-isomorphism yields isomorphic moduli spaces of deformations.
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Kontsevich's formality for R

Kontsevich gave an explicit formula for the Taylor coefficients of a formality for RY, i.e. the
Taylor coefficients F, of an Loc—morphism between the two L.o-algebras

F (Fﬁwly(Rd)a Q) — (Dpoly(Rd)v Q)

corresponding to the DGLA (Toon (RY) , [ , ]7, d7 = 0) and to the DGLA
(Dpory(RY) , [, ]g » dp) with the first coefficient

Fl . noly(Rd) - Dpaly(Rd)

given by F1 = Ur 1 Ui(Xo Ao A Xn)(foy ooy ) = ﬁ Soesp ) Xolfo0) -+ Xnlfo(n)- The
formula is
Fo=>_ > Wb
m=>0 FEGn,m

where Gp m is a set of oriented admissible graphs; B asoociates a m—differential operator to an
n—tuple of multivectorfields; and Wr is the integral of a form w;: over the compactification of a

+

configuration space C{phm,pn}{qh»n,qm} .
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Kontsevich gave an explicit formula for the Taylor coefficients of a formality for RY, i.e. the
Taylor coefficients F, of an Loc—morphism between the two L.o-algebras

F (Fﬁwly(Rd)a Q) — (Dpoly(Rd)v Q)

corresponding to the DGLA (Toon (RY) , [ , ]7, d7 = 0) and to the DGLA
(Dpory(RY) , [, ]g » dp) with the first coefficient

Fl . noly(Rd) - Dpoly(Rd)

given by F1 = Ur 1 Ui(Xo Ao A Xn)(foy ooy ) = ﬁ Soesp ) Xolfo0) -+ Xnlfo(n)- The
formula is
Fo=>_ > Wb
m=>0 FEGn,m

where Gp m is a set of oriented admissible graphs; B asoociates a m—differential operator to an

n—tuple of multivectorfields; and Wr is the integral of a form w;: over the compactification of a
+

configuration space C{phm,pn}{qh»n,qm} .

An explicit globalisation on any manifold has been built by Cattaneo, Felder and Tomassini.

Given a manifold and a torsion free connection V on it, Dolgushev has built a formality

F: (ﬁoly(M)a Q) - (Dpo/y(M)7 Q/)
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Classification of star products.

Given a Poisson tensor P,y = >, V¥ Py, then

%P, = M+ D k1 F(Py, -+, Py) is a star product on (M, Py) and any %
product is equivalent to such a one. Equivalence classes of star products are in
bijection with equivalence classes of Poisson deformations.
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Hermitian star products and x-algebras over ordered rings

To study representations of the deformed algebras, parts of the algebraic theory of states and
representations which exist for C*-algebras have been extended by Bordemann, Bursztyn and
Waldmann to the framework of x-algebras over ordered rings

A C*-algebra is a Banach algebra over C with a * involution (i.e. an involutive semilinear
. . _ * * || — 2
antiautomorphism) such that ||a|| = ||a*|| and ||aa*|| = ||a||* for each a .
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Hermitian star products and x-algebras over ordered rings

To study representations of the deformed algebras, parts of the algebraic theory of states and
representations which exist for C*-algebras have been extended by Bordemann, Bursztyn and
Waldmann to the framework of x-algebras over ordered rings

A C*-algebra is a Banach algebra over C with a * involution (i.e. an involutive semilinear

antiautomorphism) such that ||a|| = ||a*| and ||aa*|| = ||a||? for each a .
If A= B(H) is the algebra of bounded linear operators on a Hilbert space H and if 0 # ¢ € H,
A
w:A—=C:A— w(A) ::M
<, >

is a linear functional which is positive in the sense that w(A*A) > 0. It is defined by the ray 1
generates. This lead to define a state in the theory of C* algebras as a positive linear functional.
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To study representations of the deformed algebras, parts of the algebraic theory of states and
representations which exist for C*-algebras have been extended by Bordemann, Bursztyn and
Waldmann to the framework of x-algebras over ordered rings
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antiautomorphism) such that ||a|| = ||a*| and ||aa*|| = ||a||? for each a .
If A= B(H) is the algebra of bounded linear operators on a Hilbert space H and if 0 # ¢ € H,
A
w:A—=C:A— w(A) ::M
<, >

is a linear functional which is positive in the sense that w(A*A) > 0. It is defined by the ray 1
generates. This lead to define a state in the theory of C* algebras as a positive linear functional.

An associative commutative unital ring R is said to be ordered with positive elements P if the
product and the sum of two elements in P are in P, and if R is the disjoint union

R = PU{0} U—P. Examples are given by Z,Q, R, R[[A]]; in the case of R[[A]], a series

a= Zfi,o arA" is positive if its lowest order non vanishing term is positive (a, > 0).
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generates. This lead to define a state in the theory of C* algebras as a positive linear functional.

An associative commutative unital ring R is said to be ordered with positive elements P if the
product and the sum of two elements in P are in P, and if R is the disjoint union

R = PU{0} U—P. Examples are given by Z,Q, R, R[[A]]; in the case of R[[A]], a series

a= Zfi,o arA" is positive if its lowest order non vanishing term is positive (a, > 0).

Let R be an ordered ring and C = R(i) be the ring extension by a square root i of —1 (for
deformation quantization, C = C[[A]] for R = R[[A]] with v = i}).

An associative algebra A over C is called a *-algebra if it has an involutive antilinear

antiautomorphism * : A — A called the *-involution;
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To study representations of the deformed algebras, parts of the algebraic theory of states and
representations which exist for C*-algebras have been extended by Bordemann, Bursztyn and
Waldmann to the framework of x-algebras over ordered rings

A C*-algebra is a Banach algebra over C with a * involution (i.e. an involutive semilinear

antiautomorphism) such that ||a|| = ||a*| and ||aa*|| = ||a||? for each a .
If A= B(H) is the algebra of bounded linear operators on a Hilbert space H and if 0 # ¢ € H,
A
w:A—=C:A— w(A) ::M
<, >

is a linear functional which is positive in the sense that w(A*A) > 0. It is defined by the ray 1
generates. This lead to define a state in the theory of C* algebras as a positive linear functional.

An associative commutative unital ring R is said to be ordered with positive elements P if the
product and the sum of two elements in P are in P, and if R is the disjoint union

R = PU{0} U—P. Examples are given by Z,Q, R, R[[A]]; in the case of R[[A]], a series

a= Zfi,o arA" is positive if its lowest order non vanishing term is positive (a, > 0).

Let R be an ordered ring and C = R(i) be the ring extension by a square root i of —1 (for
deformation quantization, C = C[[A]] for R = R[[A]] with v = i}).
An associative algebra A over C is called a *-algebra if it has an involutive antilinear

antiautomorphism * : A — A called the *-involution;for instance (C*°(M)[[v = i\]], %) with a

Hermitian star product and conjugaison is a *-algebra over C[[\]].
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States for Hermitian star products

A linear functional w : A — C over a *-algebra over C is called positive if
w(A*A) >0 for any A € A.

A state for a *-algebra A with unit over C is a positive linear functional so that w(1) = 1.
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States for Hermitian star products

A linear functional w : A — C over a *-algebra over C is called positive if
w(A*A) >0 for any A € A.

A state for a *-algebra A with unit over C is a positive linear functional so that w(1) = 1.
The positive linear functionals on C°°(M) are the compactly supported Borel measures. The
d-functional on R?" is not positive with respect to the Moyal star product : if H := ip2 + kq?,

2 2
(H+m H)(0,0) = % = % < 0. Bursztyn and Waldmann proved that for a Hermitian star
product, any classical state wg on C°°(M) can be deformed into a state for the deformed

algebra, w = 3" Nw.

Simone Gutt (ULB-ARB) DQ and Symmetries Wiirzburg, Oct 2019 28/28



States for Hermitian star products

A linear functional w : A — C over a *-algebra over C is called positive if
w(A*A) >0 for any A € A.

A state for a *-algebra A with unit over C is a positive linear functional so that w(1) = 1.
The positive linear functionals on C°°(M) are the compactly supported Borel measures. The
d-functional on R?" is not positive with respect to the Moyal star product : if H := ip2 + kq?,

2 2
(H+m H)(0,0) = % = % < 0. Bursztyn and Waldmann proved that for a Hermitian star
product, any classical state wg on C°°(M) can be deformed into a state for the deformed

algebra, w = 3" Nw.

Given a positive functional w over the *-algebra A, one can extend the GNS construction of an
associated representation of the algebra: the Gel’fand ideal of w is 7, = {a cA | w(a*a) = 0}
and on obtains the GNS- representation of the algebra A by left multiplication on the space
He = A/ Jw with the pre Hilbert space structure defined via ([a], [b]) = w(a*b) where

[a] = a+ J., denotes the class in A/Jw of ae A.
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States for Hermitian star products

A linear functional w : A — C over a *-algebra over C is called positive if
w(A*A) >0 for any A € A.

A state for a *-algebra A with unit over C is a positive linear functional so that w(1) = 1.
The positive linear functionals on C°°(M) are the compactly supported Borel measures. The
d-functional on R?" is not positive with respect to the Moyal star product : if H := ip2 + kq?,

_ k? _ —kA? i
(H=xm H)(0,0) = 5% = ==~ < 0. Bursztyn and Waldmann proved that for a Hermitian star

2m
product, any classical state wg on C°°(M) can be deformed into a state for the deformed

algebra, w = 3" Nw.

Given a positive functional w over the *-algebra A, one can extend the GNS construction of an
associated representation of the algebra: the Gel’fand ideal of w is 7, = {a cA | w(a*a) = 0}
and on obtains the GNS- representation of the algebra A by left multiplication on the space
He = A/ Jw with the pre Hilbert space structure defined via ([a], [b]) = w(a*b) where

[a] = a+ J., denotes the class in A/Jw of ae A.

In that setting, Bursztyn and Waldmann introduced a notion of strong Morita equivalence
(yielding equivalence of x-representations) and the complete classification of star products up to
Morita equivalence was given, first on a symplectic and later in collaboration with Dolgushev on

a general Poisson manifold .
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