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I had the pleasure of talking with Franki Dillen about some ongoing work on symplectic space
forms and their submanifolds when we were preparing the PADGE meeting. His untimely death
1 a great loss and I dedicate to his memory this short note which I hope he would have liked.

Abstract

A large part of the theory of submanifolds of Riemannian manifolds is devoted to the
theory of submanifolds in space forms. It is based on two theorems. The first one states
that if M is a submanifold of a Riemannian space form (N, g), then the curvature of M
and the curvature of the normal bundle vM of M are determined in terms of a constant
k, the metric ¢ and the second fundamental form « of the submanifold (by Gauss and
Ricci’s formulas), and this second fundamental form obeys a system of first order differential
equations (Codazzi’s equations). The second theorem gives a reciprocal of this and states
that if (M, g) is a m dimensional Riemannian manifold, if E is a vector bundle of rank p
on M, endowed with a Riemannian structure g, if V is a metric connection on E, if a is a
symmetric 2-form on M with values in F, and if the curvature of M, the curvature of £, and
« satisfy some equations, then, for each point x € M, there exists an open neighborhood U
of  in M and an isometric immersion f of this neighborhood in a (m+p)-dimensional space
space form (N, §), such that « is the second fundamental form and such that E is isomorphic
to the normal bundle. We rewrite Spivak’s proof [1] of this theorem in the language of
principal bundles, in a framework that encompasses both the pseudo-Riemannian and the
symplectic context.

o

1 The setup of B-structures, and almost (b, p)-space forms

Definition 1.1. A B-structure on a manifold M is a non degenerate covariant 2-tensor b, which
is either symmetric (hence a pseudo-Riemannian structure) or skewsymmetric. A B-connection
is a linear connection V on M that is torsion free and preserves b, so Vb = 0 and TV = 0.
If b is symmetric, V. = VX is the Levi Civita connection of b; if b is skewsymmetric, then
Vb =0and TV = 0 = db = 0, so b defines a symplectic structure and V is a symplectic
connection. Recall that on any symplectic manifold there exists a symplectic connection but
it is not unique. Similarly, a B-structure on a vector bundle E is a smooth non degenerate
symmetric or skewsymmetric bilinear form on each fiber.

Definition 1.2. A manifold N with a B—structuore lo), a B—Conglection V and a parallel field p
of endomorphisms of the tangent bundle so that b(pX,Y) = £b(X, pY’) is said to be an almost

(13, p)-space form if the curvature RY is defined entirely in terms of b and p; more precisely if

b (RY(U,V)W,T) = Fy , (U V, W, T) (1)



where F; ) is a polynomial function with constant coefficients in b and p involving catenation
so that the covariant 4-tensor F(B 5) vanishes as soon as one of the vectors is B—orthogonal to
the other three. Remark that an almost (b, p)-space form is automatically locally symmetric

and this implies that the connection V is unique.

Examples of almost (b, p)-space forms are pseudo-Riemannian space forms (for b = §,p = 0;
indeed G, (R.(X,Y)Z,T) = k(§.(X,2)3. (Y, T) — §.(X,T)g(Y, Z))), Kéhler space forms (for b =
g,p = J; indeed éz(ér(XvY)Zv T)=1F (éx(Xv 2)4:(Y,T) = §2(X, T)§2(Y, Z) + §u(X, J2) g (Y, JT) —

G2(X,JT) 9. (Y, JZ) + 2G,(X, JY ) §.(Z, JT))) and symplectic space forms as introduced in [2].

We shall give conditions for a manifold M to embed in a (b, p)-space form.

2 The tool : extended connections on principal bundles

Let p” : P — M be a principal bundle on M, with structure group G and let v be a connection
1-form on P. Recall that ~ is a g valued 1-form on P, where g is the Lie algebra of G, satisfying
y(A*F) = A for any A € g and Ryy = Ad g~y for any g € G, with A*F the fundamental vector
field on P associated to A, A%"P = %fexp tAIO for any § € P.

The curvature 57 of the connection + is the g-valued 2-form 87 = dvy + % [’y A 'y} defined by
BN2,2") = dy(Z2,Z") + [v(2) , +(Z")]. (2)
When P is a frame bundle of a vector bundle p¥ : E—M with fiber V | i.e
P, C {f:V — E; linear isomorphisms}, G C gl(V)

any section s € I'(F) is identified with the G-equivariant function § : P — V defined by
5(f) = 1 's(p"(f)), any connection 1-form v on P corresponds to a covariant derivative V of
sections of E and vice versa through

Vis() = X{5 (3)
where Xf is the horizontal lift in T;P of X € T,p M defined by p; Y}y = X and wf(Xf ) =0.
The curvature 2-form (7 is linked to the curvature RV’ (X,Y) = [V}(, V”] V[ X.Y] through

81(2,2") =5 o RYpy (pl'Z,pL Z') oF. (4)

Let now G’ be a Lie group containing G as a closed subgroup. Suppose we are given a g'-valued
1-form I" onP such that:

[(A*f)=A VAeg and RI'=Ad(g"")[ Vgeq. (5)
From these data, we construct a G principal bundle p* : P/ — M :

P'=PxgG ={[},q]=1[fg.97'¢]|f € P.g € G',g € G}

p’ P’ — M :[f,¢'] = p"(f) and the right action of G’ on P’ is [f,¢'| ¢" := [, ¢'¢"],
and a connection 1-form T’ on it. Let P PxG — P :(fg) = [f,g] be the canonical
projection. Then ker p = {A - Ag \A € g} where A denotes the right invariant vector

field on G’ correspondmg to A € g C ¢. Indeed the projection p’ is the projection on the orbits



for the right action of G on P x G defining the equivalence, i.e. given by ((f, ¢'), 9) = (fg,971¢").
Define a 1-form I' on P x G’ with values in g’ by:

U4)(Z+ B) :=Ad,-(I5(Z) + B) (Beg, X eTiP). (6)

The form I' vanishes on ker pl, and is invariant under the G action defining the equivalence.
Hence there exists a g’-valued 1-form IV on P’ such that

I =p"T’ (7)

The g’-valued 1-form I on P’ defined by (7) is a connection form.
Observe that one has a natural G equivariant injection j : P — P’ : f+ [f, 1]. Then

ST =T. (8)

Introducing the 2-form ' := dI' + % [F A F} on P with values in g/, we have I = j*ﬁrl.

If P’ is a frame bundle for a vector bundle p¥ : E — M, then P can be seen as a bundle of
frames for E; if VI denotes the covariant derivative of sections of E associated to I" then

B1(2,2') =§ o RYp; (08 Z.pFZ") of. (9)

3 Sufficient conditions to have an embedding

We consider a manifold of dimension m with a B-structure (M,b) and a B-connection V, and a
B-vector bundle of rank e over M, (E, B) — M, with a connection V preserving b. We assume
that we are given a symmetric E-valued 2-form o on M : this means that for any = € M one
has a symmetric bilinear map «, : T,M x T, M — E, where E, denotes the fiber of E above
x. We define a corresponding map A associating to an element { € F, the endomorphism A
of T, M, through 3

B(E, a(X, 1)) = b(Ae(X), ), (10)

We assume that we are given a field p; of endomorphisms of the tangent bundle TM so that

and so that it is covariantly constant Vp; =0, i.e. Vx(p1Y) = p1VxY for all X, Y € X(M).
We also assume that we are given a field p2 of endomorphisms of the bundle E so that

b (p2€,m) = £b (£, pan)) (12)

(with the same sign + as for p;), so that it is covariantly constant: Vg =0, ie. paVx€ = Vxpal
for all X € X(M) and &, n in the space I'(E) of sections of the bundle E. We assume furthermore
that

p2a(X,Y) = a(X, ;1Y) VX.,Y € X(M). (13)

Let us remark that we can choose p; = 0 and p2 = 0.

We choose a model for the tangent space to M at any point zg endowed with the endomorphism
(p1)z, and the 2-form by, so we fix a vector space V; of dimension m, a nondegenerate symmetric
or skewsymmetric bilinear form B; on V; and an endomorphism S; € gl(V;) and we consider
the principal bundle over M of adapted frames of TM, pP(TM) . B(TM,b, p;) — M whose

fiber at * € M consists of all linear isomorphisms

{§: Vi = ToM|fby =By, §S1f ' = p1a 1



its structure group is GLg, (V1,B1) with GLg(V,B) :={ A € GL(V,B)| AS = SA} and
GL(V,B) := { A € GL(V) | B(AX, AY) = B(X,Y) }.

Similarly, we choose a model for the fiber of the bundle E at any point xy endowed with
the endomorphism (p2)z, and the 2-form on, so we fix a vector space Vo of dimension e,
a nondegenerate symmetric or skewsymmetric bilinear form By on V5 and an endomorphism
Sy € gl(V2) and we consider the GLg, (V2, B2)-principal bundle over M of adapted frames of
E, pB® . B (E, b, p2) — M, whose fiber at © € M consists of all linear isomorphisms

{% Vo= E, ‘;*Ba} = Bo, ;*92%71 = P2x }

Since the connection V preserves b and p1, it is defined by a connection 1-form :yv on B(T]W~ ,b, p1)
with values in the Lie algebra glg, (V1,B1). Similarly, since the connection V preserves b and

pa, it is defined by a connection 1-form vV on B(E,b, py) with values gls, (V2,B2) .
We consider the GLg, (V1,B1) x GLg,(Va, Ba)-principal bundle defined by the fiber product

B(TM,b, p1) xar B(E,b, p2) := { (1.) | p" () = ") (5) } (14)

and denote by p its projection on M, p(f, f) = pB(TM)(§). We denote by ¢; (resp. g2) the projec-
tions on B(TM,b, p1) (resp. B(E, b, p2)). Consider the vector space V := V; & Vi endowed with
the non degenerate two-form B := B; @ By and consider the endomorphism of V' preserving B
defined by S := S1® Ss. Clearly GLg, (V1,B1) x GLg, (V2, B2) is a closed subgroup of GLg(V, B).
We define a 1-form I on B(TM,b, p1) X B(E,b, p2) with values in gl(V) by:

wlaZz)  —f oAy pZ

N _ 15
floa(p.Z,f-) 'V;V(qa*Z) 1)

Lip(2) =

where Z € T .5 B(TM, b, p1) xar B(vM,b, p2). A direct calculation shows:

()
Lemma 3.1. T has values in the Lie algebra glg(V,B) and is G := GLg, (V1,B1) x GLg, (V2, B2)
covariant in the sense that it satisfies equations 5. Hence I' induces a connection 1-form I on

P':= (B(TM,b, p1) xu B(vM,b, p2)) x¢ GLg(V,B).

A tangent vector in T(f 9 (B(TM, b, p1) X B(vM, B,pg)) is given by a pair of vectors (U €

TiB(TM,b,p1),V € T?B(VM,B, p2) which project on the same tangent vector to M. The
horizontal lift for the connection 1-form I of the vector X € T, M in
T ((B(TMa bapl) XM B(VM7B7p2)) e GLS(VaB)) is given at the point ](f?%) = [(f) %7 1)] by

X = I (Y?’Yg)_«%f) <E’Y?)>*P,>[<f},m

0 —f_lA}(.)Xz *P’
)_ o (Xa, §0) 0

Remark that P' = (B(TM,b, p1) xu B(vM, b, p2)) xg GLg(V, B) is clearly an adapted frame
bundle for (TM @ E,b @ b, p1 & p2), so that I” induces a covariant derivative VY of the

—~~——P
sections of the bundle TM ¢ E. If Y + ¢  is the V-valued GLg(V, B)-equivariant function on

ol

s (Y
= Juih (va
[(F.5,1)]



P’ corresponding to the section of TM ¢ E which is the sum of the vector field Y on M and
the section £ of the bundle £ we have

Pl

(e7), v +e =—c(+9"()  vCeas(V.B)

by equivariance and

Ve (G500 = (F) wih V) = 1Y €5 =T 0 =D
so that
ypSant = - R YZN 0 _f_lA}(.)Xx }7(]“)
VI HOG.FL) = XgganY FE= (Y}* A P ( §<¥>>
_ (X{?jflf‘lf(é(b)f(w) ) _ (/Y}Y(f) — 1A, Xo) ) .
XTE+ T au(Xa, FY (1) Vi) +7 ton(Xe, Ys))
hence the covariant derivative V! is defined by
VEY = VxY +a(X,Y) (16)
Ve = —AgX + Ve (17)
for XY € X(M),£ € T'(E) and we have as in (9) that
B (2, 2) = (1) o BY o (peZ,p-2') o (1.1 (18)

for p1' = dI" + % [F A I‘] By direct calculation, the curvature of VI writes

RY (X.Y)Z = RY(X.Y)Z+ Auxz)Y — AairnX + (DY )(Y, 2) — (DYVa) (X, 2)
RV (X,Y)e = RY(X,Y)E+a(Y, AcX) — a(X, AcY) + (DYVA)e X — (DYVA)eY. (19)

We now introduce the so called “soldering” forms defined on any bundle of frames of the tangent
bundle of a manifold, in particular on B(TM,b, p1).

Definition 3.1. The soldering form §5(T™) is the 1-form on B(TM,b, p;) with values in V;
given by

0P () = M 2) (20)

for any Z € TyB(TM,b, p1).

Lemma 3.2. Let vV be a connection 1-form on the frame bundle so that the induced linear
connection is without torsion. Then the differential of the soldering form 8B(TM) s the Vi -valued
2-form on B(TM,b, p1) given by

which we write as d9BTM) = —'yfv/-\OB(TM).

The formula is classical and easily checked using horizontal lifts Y of vector fields Y on M and
fundamental f (vertical) vector fields A* with A € glg, (V1,b1).

5



Proposition 3.1. Let M,b,V, p1, E, b,V, P2, Q, V1,B1,Sl,V2,B2,Sg be defined as before Let N
be a manifold of dimension n := m+ e endowed with a B-structure b a connezion V preserving
b and a parallel field of endomorphism p so that (V =V, & Va, S’ S16.59,B =By ® Bsy) is a
model for (Ty,N, (p)yo,byo) at any point yo. Assume that (N,b,V, p) is an almost (b, p)-space

form with Fg b.5) defined as in (1). Define vabpl P2
the endomorphzsms of TM@®FE=TM x; E, by

a covariant 2-tensor on M with values in

0 B) (B4 (VN H9.7 5 ) = Fg o (X +0Y £0.7 46,746, 02)

Consider the principal bundle of adapted fmrpes of TN, pBD(lzN) : B(OTZY, 1to), p) — N its fiber at
y € N consists of all linear isomorphisms {f:V — T,N |§*b = B, §Sf~! = p, }; its structure
group is GLg(V,B). Let B be the bundle over M x N defined by

B = (B(TM,b,pl) s B(E, B,pg)) x B(TN,b, p);

denote by py its projection on B(TM,b, p1) X B(E, b, p2) and py its projection on B(TN, b, p).
Define the distribution D on B as the kernel of the family of 1-forms on B given by

pil — p;W with T as defined in (15); those forms have values in glg(V,B), (23)
pikqf@B(TM) — p%@B(TN) with values in V D V7. (24)

This distribution is integrable if the following equations are satisfied :

—

R%bi),p,ﬁ(X’Y)Z = RV(X,Y)Z + Aax,2)Y — Aoy, )X (Gauss’s formula)  (25)

0 = (D)V(@a)(Y, Z) — (D;Y@a)(X, Z) (Codazzi’s formula) (26)

SXY)E = RYXY)E+a(Y, AX) — (X, AY)  (Ricci’s formula) (27)
for any XY, Z € X(M),{ € T'(E).

Proof. To show the integrability of the distribution, we shall show that the differential of the 1-forms defining
the distribution belong to the ideal generated by those 1-forms. We have seen in lemma 3.2 that df = —fyv/~\9 )

that
* ok * * ok A * v A
d (pl(h §B(TM) _ pQGB(TN)) - _pigt (,yv .HB(TJW)) T+l (’yv .GB(TN))
On the other hand
((F - qhv)éqTGB(TM)) U, ( ( 07 (g1 *V)))
@, f)
" (pV 5 (07T (g ))) FlapU.p.V) — a(pV,p.U) =0
since « is symmetric. Hence
* A * v A
d (p qles ™) _ QB(TN)) = —p} (F~q1 GB(T]M)) +pl (,yv .OB(TN))
* %V A x VA * % *
— (90 = p377) Ppiai0° T = pin " (pigi 0 — 0PN

is in the ideal generated by the 1-forms. On the other hand, we have, as in equation (2), 87 = dvy + % [7 A fy]
and by definition 8T = dT" + % [I‘ A F] so that

* * Y * * 6 * * * Y * Y
d (pll“—pﬂv) = pift —psB” — 3 [pil , piT] + 1 [pzvv A pwv}

* * 6 * * v * * v * * Y
pis —pB -1 [plf -3 5 plf] -1 [pﬂv A piT —pﬂv]
and it is in the ideal generated by the 1-forms iff pj8Y — pﬁﬂwv is in the ideal. Observe that

55 (WW') =1 o BY P TVWpB TV o (28)



We write b (R6 (U, V)W, T) = I ;(U,V,W,T) in an equivalent way as

RY(U,V) =Gy, (U V) (29)

where G(g, 5) is a constant coefficient polynomial in the field of endomorphisms p and in the field of 2-tensors b
(involving concatenations) defining a 2-form with values in the endomorphisms. Then

BT W) = i oG, (0P TOW e TOW ) o
_ G(B’S)(GB(TN)VV’GB(TN)W/) —. %G(B,S) (GB(TN) . 9B TN)) (W W)

and G(p,s) is a 2-form on V with values in End(V'). Similarly, as in (18)

B (2. 2) = D ORpm(P*Zp* ) o (1. ).

where VT is the covariant derivative of sections of TM @ E defined as in (16). The Gauss, Codazzi and Ricci
formulas imply, in view of (19) that

T/ _—
RY (X,Y)=RV,;, (X)Y).

and (22) implies that

—

vaygyplmz (X’ Y) = Gb®B7P1@P2 (X’ Y)

so that
Bun(Z:2) = (.7 Guabpiap, 0aZ,0:2") 0 (5,1)
= (D Gronman (07 02,507 q1.2") o (5.F)
= G(BVS>(OB(TM)q1*Z’ gE(TM) g 7Y = 1Gp.s) (QTQB(TM) . qikeB(TM)) (2,7 .
Hence
Pt —p3p” = 1G(s.s) (piqfﬁB(TM) A quTé’B(Tw) ~-1Gp.s) (pZHB(TN) A pZGB(TN))
_ %G(B,S) ((plq gB(TM) _ GB(TN)> . p»{qTaB(TM))
+%G(B,S) (p;aB(TN) . (p»{qi«gB(le) _p;eB(TN))>
is again in the ideal. O

Remark that the projection p1 : B — B(TM,b, p1) xu B(E,b, p2) induces a smooth local
diffeomorphism from any leaf F to B(TM,b, p1) X B(E, b, pg) ndeed the differential Pixgis

is an isomorphism since any tangent vector to B at the point (,7,f) over (z,y) € M x N can
be written uniquely as

«B(TM
< +(Cn); P XD X5
for X € T,M,Y € T,N , C1 € glg,(V1,B1), C2 € glg,(Va, B2), C € glg(V, B), and it belongs
to the distribution D(f}%) iff

: C A X,
) C_Gl%&gm Ty ) (30)

X + (o)) + (7] + P

Hence the leaf F through (f, f, f) can be seen locally as the graph of a smooth immersion
j:U — B(TN,b,p)
where U is an open neighborhood of (f, f) in B(TM,b, p1) xy B(vM, b, p2) mapping (f, %) to f

C 0 *B(TN)
since, by (30), ((C2;" ™, (") + (1)

; 0 G is in the distribution for all C, Cs



and all f, f, %, the map j intertwines the local actions of an open neighborhood of GLg, (V1, By) x
GLg, (Va, Ba) so that it induces a smooth map

j:U—N

where U = p(U) is an open neighborhood of  in M. By (30), the differential of j at any point
x € U is given by )

J*E(Xa:) = f (f_l(Xr))
where p(f,f) = = and j(f, §) = f so that

jua(i) = (3(FD)) (.0) vue Vi,

Hence the smooth map

jH(TM & E), = TN : (X, = [(F,w)], Ba = [F.0)]) = GED, (w,0)]
identifies TM @ FE to the pullback bundle j*TN. Thus we have proven

Theorem 3.1. Let (M,b,V,p1) be a smooth manifold M of dimension m with a B-structure
b, a torsionfree connexion V preserving b, and a parallel field of endomorphism py so that
b(mX,Y) = £b(X,,mY)) and let (V1,51,B1) be a model for (Tyy,M, pizy,bz,) at a point xg.
Let (E,B,@,pg) be a vector bundle of rank e over M with a B-structure b, a connezion V
preserving b, and a parallel field of endomorphism ps so that B(pg{,n) = +b (&, pa2n)) (same
sign as for p1) and let (Va, Sa,Ba) be a model for the fiber (Exo,pgxo,f)xo) at xg. Let o : TM x
TM — FE be a symmetric 2-form on M with values in the endomorphisms of E. Assume
that paa(X,Y) = a(X, ;1Y) for all X,Y € X(M). Consider a manifold N of dimension m + e
endowed with a B-structure f), a connexion V preserving f), and a parallel field of endomorphism
p so that (V =Vi @ Vo, 8 = 51 @S2, B = By @ Bg) is a model for (TN, (ﬁ)yo,lo)yo), and so
that N is an almost (b, §)-space form. Write (1) equivalently as RY (U, V)W = G(Bﬁ)(U, V., W).
Define the covariant 2-tensor RY on M with values in the endomorphisms of the vector bundle
TM & FE=TM x; E, by

—

RY(X,Y)(Z+€) =G, XY, 7 +¢).

b@B,mEsz)(
Assume that we have the Gauss, Codazzi and Ricci equations:
R%b”p@f,(X, Y)Z = RV(X, Y)Z + Aaxz2)Y — Ay, X (Gauss’s formula) (31)
with A defined as in (10)
0 = (D)v(ﬁa)(Y, Z)— (D;ﬁa)(X, Z) (Codazzi’s formula) (32)
X, Y)¢ = R@(X, Y)E+ a(Y, AeX) — a(X, AcY)  (Ricci’s formula)  (33)
forany X,Y,Z € X(M),{ e '(E), X,Y € X(M).

—

RY 50,50

Then, around any point x in M, there exists an immersion j : U — N of an open neighborhhood
U of x in N so that j*b = b and so that F is identified to the normal bundle and « to the
second fundamental form.

References

[1] Spivak, A Comprehensive Introduction to Differential Geometry, Publish ot Perish, 1970.

[2] M. Cahen, S. Gutt and N. Richard, Space forms and submanifolds in the symplectic context,
preprint ULB 2013.



