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Abstract

One defines the notion of universal deformation quantization: given any mamnifplany
Poisson structurd on M and any torsionfree linear connectidhon M, a universal deformation
quantization associates to this data a star produ¢Moi\) given by a series of bidifferential op-
erators whose corresponding tensors are given by universal polynomial expressions in the Poisson
tensorA, the curvature tensd® and their covariant iterated derivatives. Such universal deforma-
tion quantization exist. We study their unicity at order 3 in the deformation parameter, computing

the appropriate universal Poisson cohomology.
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1 Introduction

Let (M,A\) be a d-dimensional Poisson manifold. IG5t(M) be the commutative algebra &fvalued
smooth function oM, whereK is R or C. The Poisson bracket of functions gd,A) is denoted by
{f,g} :=A(df,dg), f,ge C”(M), andm(f,g) = f.g denotes the pointwise multiplication.

Definition 1 [1] Let C*(M)[[v]] be the space of formal power series in the formal parameteith
coefficients inC*(M). A differential star product on (M, A) is a bilinear map

#:CH (M) xC* (M) = C*M)[[v]]  (f,9) — f+g:=f.g+ ZlvrCr(fag),

such that

1. itsK[[v]]-bilinear extension is an associative prod{ick g) «h = f « (g« h);

2. Ci(f,9) —Ca(g, f) = 2{f,g};
3. eaclC; is a bidifferential operator vanishing on constants.

Kontsevich gave in [10] an explicit formula for a star product&hendowed with any Poisson struc-
ture, as a special case of his formality theorem for the Hochschild complex of multidifferential opera-
tors.

Theorem 1 [10] The formality theorem ofRY is proven through the explicit formula of an, Lmor-
phism from the differential graded Lie algebra of polyvectorfield®8ito the differential graded Lie
algebra of polydifferential operators dR®. This consists in a collection of multilinear graded sym-
metric maps Y associating to j multivectorfields, € I'(RY, A™TRY) a multidifferential operator

Uj(ag,...,a5) : C*(RE" — C(RY)

with r = 3, m¢ — 2] + 2, satisfying quadratic relation$x) which translate the fact that they are the
Taylor coefficients of ad morphism. The maps;lare defined in terms of graphs; in particular the
coefficients of the multidifferential operator (&, ..., «;j) are given by multilinear universal expres-
sions in the partial derivatives of the coefficients of the multivectorflds ., o;.

The relationg*) imply that, given any Poisson structuteonRY, the formula

n

f4Rg=Tg+ Y ~-Un(A,...,A)(F, ) = fg+ VA(dF,dg) +O(v?) (1.1)
n=1""

defines a star product ofRY, A). Observe that eachJA, ...,A) is a bidifferential operator of order
maximum n in each argument whose coefficients are polynomials of degree n in the partial derivatives
of the coefficients of the tensar

Kontsevich then obtained the existence of star products on a general Poisson manifold using abstract
arguments.

A more direct construction of a star product od-@limensional Poisson manifoldM, P), using
Kontsevich’s formality oriRY, was given by Cattaneo, Felder and Tomassini in [3]. Given a torsion-
free connexiort] on (M, P) one builds an identification of the commutative algegbfaM) of smooth
functions onM with the algebra of flat sections of the jet bunBle- M, for the Grothendieck connec-
tion D. The next point is to “quantize” this situation: a deformed algebra stuctufgMnE)[[v]]
is obtained through fiberwize quantization of the jet bundle using Kontsevich star prodi€ét and
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a deformed flat connectidd which is a derivation of this deformed algebra structure is constructed
“a la Fedosov”. Then one constructs an identification between the formal series of functibhs on
and the algebra of flat sections of this quantized bundle of algebras; this identification defines the star
product onM.

Later, Dolgushev [7] gave in a similar spirit a construction for a Kontsevich’s formality quasi-
isomorphism for a general smooth manifold. The construction starts again with a torsionfree linear
connexiond on M and the identification of the commutative algel& M) of smooth functions on
M with the algebra of flat sections of the jet bunéle— M, for a connectiorDF constructed & la
Fedosov”. This is extended to a resolution of the spiggg(M) of polyvectors on the manifold using
the complexes of forms oM with values in the bundle of formal fiberwize polyvectorfieldsband
a resolution of the spad@poiy(M) of polydifferential operators on the manifold using the complexes
of forms onM with values in the bundle of formal fiberwize polydifferential operatorg&oithe fiber-
wize KontsevichL, morphism is then twisted and contracted to yield.a morphism fromTyey (M)
to Dpoly('vl)-

Given a torsionfree linear connectiah on a manifoldM, any multidifferential operator Op :
(C*(M))X — C*(M) writes in a unique way as

op(fy,..., fx) = J ZJ Op’-*O3F™fy ... 07 ™ (1.2)
1559k

where thely, ..., Jx are multiindices anﬁ]ﬁymf is the symmetrised covariant derivative of ord#rof

f:
1
sym m —_ (i i
03 f:cg 7Dia<1)...ig<m>f forJ=(i1,...,im),

where! ; f:=0"f(dy,...,d,) with O"f defined inductively bylf :=df and
O™F (Xy,. .., Xm) = (Ox, (O™ 1)) (Xa, . .., Xm)-
The tensors Op~* are covariant tensors of ordgk| + ...+ |J| which are symmetric within each

block of J: indices; they are calletthe tensors associatetb Op for the given connection.

Definition 2 A universal Poisson-related multidifferential operator will be the association to any
manifoldM, any torsionfree connectidn on M and any Poisson tensBron M, of a multidifferential
operator Of""5N : (C*(M))k — C®(M), so that, the tensors associated td"\&p") for O are given
by universal polynomials ir\, the curvature tensd® and their covariant multiderivatives, involving
concatenations.

We shall say that a universal Poisson-related multidifferential operatdmis-loop typeif the con-
catenations only arise between different terms, not within a given tern{({i;&)(0s\) " 0™ is of
no-loop type but Ck/A)" ;™ or RE ASAU ¥ ™are not).

We shall say that the universal Poisson-related operat8f-©f is a polynomial of degreer in the
Poisson structureif OpM:5tA) — tropM-bA)

Definition 3 A universal star product * = m+ 3, v'C; will be the association to any manifold
M, any torsionfree connectidd on M and any Poisson tensBron M, of a differential star product
«{MON —mi s v where eaclE is a universal Poisson-related bidifferential operator of
no-loop type, which is a polynomial of degreén the Poisson structure.

An example of a universal star product at order 3 is given in section 2.
Unicity at order 3 is studied in section 3 using universal Poisson cohomology. This, we compute for
universal Poisson-related bidifferential operators of order 1 in each argument defined by low order
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polynomials in the Poisson structure.

The existence of a universal star product is implied either by the globalisation proof of Cattaneo,
Felder and Tomassini [3, 4] using the exponential map of a torsionfree linear connection, either by the
globalisation of the formality given by Dolgushev [7]. We show this existence in section 5, stressing

first the relations between the resolutions involved in the two constructions in section 4.

2 Anexample at order 3

Theorem 2 There exists a universal star product up to order three, which associates to a Poisson
manifold (M, A) and a torsionfree linear connectidi on M, the star product at order three defined

by
FEM NG = f.g+v{f, gy + v TN (F,9) +vIEM TN (),  fgeccM)  (2.1)

for

X(M,ON) 1 kals 1 Is 1 kr Is

G (f,g):él\ N D fDrsg"’ NN (D|f|:|sg+|jsf|:|k|g)+ D|/\ N0, fOsg, (2.2)
and

CéM’D’A)(f,g):%SEM’AN _—%A'S(XX,D)H(I(D%&D)TS with X; =i(df)A,  (2.3)

where %, O is the tensor defined by the Lie derivative of the connedfidn the direction of the
Hamiltonian vector field X

(L D)}y = NI f + DA OF £ + O)AT T2 £ 4+ OZAT O3 f + R ASDGF.
This can be seen by direct computation.

Remark 1 The operatoS(DM’A) % was introduced by Flato, Lichnerowicz and Sternheimer [9]; it is a
Chevalley-cocycle oM, P), i.e.

@{%M,/\)s( }%M/\ ({uv},w) =0,

u,v,w

where @ denotes the sum over cyclic permutationsiof w.
u,v,w

For this universal star product at order 3, there exists a universal Poisson-related-differential-operator-
valued 1-formD defined as follows:

Proposition 1 Given any Poisson manifolgM, /), any torsionfree linear connectiond on M, and
any vector field X on M, the differential operatoﬂ\f)D’A) defined by

DY g = Xg— VN (AO (%D g€ C(M)

verifies at orde3 in v

D(M,EI,/\) (f;(Mﬂ,/\) g) . (Dg(MﬂJ\) f);(gM,DJ\) (M O,6%N)

~(M,O.A) ;~(M,OA
{ { = ) (D! )

g—fx3 (D g = ’t— g+0(v%.
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whereg* denotes the flow of the vectorfield X.
If X is a Hamiltonian vector field corresponding to a functiore £ (M), then I:Q"D’A) coincides
with the inner derivation at ordeB of %3 defined by the function f, i.e.

(M,0,A) fFzMOA) ~(M,D,A)f)

1
Dy, QZE(*3 g— %3

3 Equivalence of universal star products — Universal Poisson cohomol-
ogy

Lemmal e Any universal star product = m+ 3, v'C; is a natural star product, i.e. each
bidifferential operator ¢ is of order at most r in each argument. Indeedi€ a universal
Poisson-related bidifferential operator defined by a polynomial of degree r in the Poisson struc-
ture; this implies, in view of the Bianchi’s identities for the curvature tensor, thas Gf order
at most r in each argument.

e The universal Poisson-related bidifferential operatard@ any universal star product is heces-
sarily the Poisson bracket® ™" = Alig; A TJ;.

e The Gerstenhaber brackét|g of two universal Poisson-related multidifferential operator of
degree k and | in\, is a universal Poisson-related multidifferential operator of degreel kn
A.

e If a universal Poisson-related p-differential operator C is a Hochschild p-cocycle ( where
d := adm= [m,.]¢ denotes the Hochschild differential) then=CA+ dB where A a univer-
sal Poisson-related p-differential operator which is of ordein each argument and is the
totally skewsymmetric part of C, and where B is a universal Poisson-re{ated)-differential
operator.

The last point comes from the explicit formulas [2, 5] for the tensors associaiuhtierms of those
associated t€ when one is given a connection.

Definition 4 A universal Poissonp-cocycleis a universal Poisson-related p-differential skewsym-
metric operatofC of order 1 in each argument which is a cocycle for the Chevalley cohomology for
the adjoint representation ¢€*(M), {, }), i.e. with the coboundary defined by

m+-1 )
5PC(LI1, R Um+1) = Z (—1)I{Ui,C(U1, . lji R Um+1)}

+3 (~D)™IC({u,udur. Gy Ui

i<)
which can be written as a multiple of
skewA,CM-DN o

whereskewindicates the skewsymmetrisation in all its arguments of an operator.
Equivalently, a universal PoissqrcocycleC is defined by a universal Poisson related skewsymmetric
p-tensorc (with C(ug, ..., up) = ¢(duy,...,dup)) so that

[/\,C(M’D’A)]SN: 0
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where[-,-]sn denotes the Schouten-Nijenhuis bracket of skewsymmetric tensors (which is the exten-
sion, as a graded derivation for the exterior producf the usual bracket of vectorfields).

A universal Poissom-cocycleC is a universal Poisson coboundaryif there exists a universal
Poisson-related skewsymmetfig— 1)-differential operato€ of order 1 in each argument so that

C(M,D,/\) _ 6PB(M,D,/\)<: Skev‘{’/\, B(M’D’/\)}G);

(equivalently, if there exists a universal Poisson related teamsorthatc™-5A) = [A, bM.BN)]gy).

The universal Poisson cohomologyP® is the quotient of the space of universal Poisgecpcycles

by the space of universal Poisspstoboundaries.

We can restrict ourselves to the space of universal Poipsmtycles defined by polynomials of de-

greek in the Poisson structures and make the quotient by the space of universal Poisson coboundaries
defined by polynomials of degrée- 1. We speak then of the universal Poisgpoohomology of de-

greek in the Poisson structure and we denote il—t&lk. We can further restrict ourselves to universal
Poisson related tensors (or operators of order 1 in each argument) of no-loop type.

Definition 5 If * =m+ 3,4 v'C is a universal star product andif= 3 ? , vE, is a formal series of
universal differential operators vanishing on constants, of no-loop type, withEgacholynomial of
degree in the Poisson structure, then the seriedefined by

¥ = (expadE)*

where a&- = [E, |g, (i.e. f+' g=expE((exp—E)f x (exp—E)Qg)), is an equivalent universal star
product. We say that and«" are universally equivalent.

Lemma 2 If x and«" are universal star products which coincide at order k in the deformation param-
eter v, then, by the associativity relation at order k, €Cy is a universal Hochschil@-cocycle of
no-loop type which is a polynomial of degree k in the Poisson structure. Furthermore, associativity at
order k+ 1 implies that its skewsymmetric pari i3 a universal Poisso@-cocycle :

& {pg"’m”\(u,v),w} +py "M {u, v}, w) =0,

u,v,w

where @ denotes the sum over cyclic permutations ofw.
u,v,w

If it is a universal Poissor2-coboundary of no-loop type, then there is a a formal series E of
universal differential operators vanishing on constants such (gb acE )+ and ' coincide at order
k+1.

In particular, two universal star products are universally equwalentﬁ(oljloonpol) = {0}. They

are always equivalent at order k in the deformation parame'tém-l(Znofloop)polj ={0} V1< <k

Consider now any universal star product m+5,-,v'C,. We automatically have thal, is the
Poisson bracket. Associativity at order 2 yiellfs, = aéngDN S0

Co(f,9) =EMPN(£,9) + pa(f,9) + 9E2(f, Q)

and the skewsymmetric part of associativity at order 3 yieldsph&t a universal Poisson 2-cocycle
(which is a polynomial of degree 2 in the Poisson structure).

Proposition 2 The spaces E&Iz(/\) and ncHOOp)polz(/\) of universal Poisso2-cohomology of de-
gree?2 in the Poisson structure vanish.
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PrRoOOF The universal skewsymmetric 2-tensors of degree/® are combinations of
O O, A A D,
(DZAITAJS — 2N AS) O, A O,
(AN"ATRlg = NTAR ) D AT,
AASIR GO A D).

The only universal cocycles are the multiples of
AASIR GO A D

and those are the boundaries of the multiple§@f" 9. Remark that there are no cocycles of no-loop

type.
[

Thus, universal star product at order 2 are unique modulo equivalence and one can assume that
C= (féM’D’A). Then the skewsymmetric part of the Hochschild 2-coc@le ééM’D’A) is a universal

Poisson 2-cocycle of no-loop type which is a polynomial of degree 3 in the Poisson structure.

Proposition 3 The space I(ngo_loop) pc)B(/\) of universal Poisso&-cohomology of no-loop type and of
degree3 in the Poisson structure vanishes.

PROOF We consider all possible universal Poisson 2-cochains of no loop type which are polynomials
of degree 3 in the Poisson structure. They are defined by universal skewsymmetric 2-tensors of degree
3 in A which are combinations with constant coefficients of the different concatenations (with no
loops) of

NNN(D?R..  ANNNANRR.,

A (OA) (OA)R AN (OAN) (OR).

NN (DPA)R. N(DPA) (2N (D2A)(OA) (DA

Using the symmetry properties & the Bianchi’s identities and the fact thatis a Poisson tensor,
one is left with a combination with constant coefficients of 49 independant terms.

Universal 2-coboundaries come from the boundaries of universal 1-tensors of degrée 2uch
1-tensors are given by combinations with constant coefficients of concatenations of

A'A(OR).  AN(OA)R..

Hence, modulo universal coboundaries, one can assume that the coefficients of 4 of the 49 terms in a
universal cochain are zero.

The cohomology that we are looking for is then given by the combinations with constant coefficients
of the remaining 45 terms which are cocycles (for all possible choices of manifold, Poisson structure
A and connectionl.)

LetC be a combination of those 45 terms. The cocycle conditigh,i§]sy = 0. We plug in examples

of Poisson structures and connections and impose this cocycle condition. This shows that all 45
coefficients must vanish.

It is enough, for instance, to consider the exampld&énwith the non vanishing coefficients of the
connection defined by

r%z = X%’ r%4 =X r%l = X%? r%S = 17 r%Z = 17 r%4 = X3, r§3 = —X4,
Ma=1 Tha=—Xxea, Th=1 Tf=1 Tg=x, [=-3
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and the quadratic Poisson structure defined by

J 0
N= XiXi =— A =—
1:i;:4 o 8xi an

From this example, one gets that 41 of the 45 coefficients have to vanish. One is left with a combination
with constant coefficients of four terms and an example with constant Poisson structure in dimension
7 shows that all those coefficients must vanish. The non vanishing coefficients of this example are:

AP=1 AP=1 AV=1 A®=1 A®=2 A =2
AN*=1 A =3 A®=1 A =4 A®=1 A=5 A®—p

r12_ 1 F%z:X7 Mr=-1 Th=x =X =1 5=1 =2

Corollary 1 Any universal star product is universally equivalent to one whose expression atrder
is given by formula (2.1).

4  Grothendieck- and Dolgushev-resolution of the space of functions

Our purpose in this section is to prove that the Fedosov-resolution of the algebra of smooth functions
constructed in Dolgushev [7] coincides with its resolution given by Cattaneo, Felder and Tomassini
in [3]. We also give explicitely the identification of smooth functions, tensorfields and differential
operators oM with flat sections in the corresponding bundles.

Let M be ad-dimensional manifold and consider tjet bundle E — M (the bundle of infinite jet
of functions) with fibersR[[y*,...,y"]] (i.e. formal power series in ¢ RY with real coefficients) and
transition functions induced from the transition functions of the tangent bdndleThus

E=F(M)xgiar) RIY,- ... Y] (4.1)

whereF (M) is the frame bundle. Remark thBtcan be seen as the formally completed symmetric
algebra of the cotangent bundléM; a sectiors € I'(M, E) can be written in the form

= p;sl...ip(x)yll

with repeated indices variing from 1 th and where thg, _;, are components of symmetric covariant
tensors oM. This bundleE is denoted¥’M by Dolgushev.

The construction of a star product ordadimensional Poisson manifoldM, P) given by Catta-
neo, Felder and Tomassini in [3], using a linear torsionfree connettion the manifoldM, starts
with the identification of the commutative algel€&(M) of smooth functions oM with the alge-
bra 2°(I' (M, E),DC) of flat sections of the jet bundEe — M , for the Grothendieck connectid®
(which is constructed using). Let us recall this construction.
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The exponential map for the connecti@rgives an identification
exp :UNTM — M y— exp(y) (4.2)

at each poink, of the intersection of the tangent spagh with a neighborhootll of the zero section
of the tangent bundIl& M with a neighborhood ot in M.

To a functionf € C*(M), one associates the sectifnof the jet bundleE — M given, for anyx € M
by the Taylor expansion at®© TyM of the pullbackf o exp,.

Lemma 3 The section { is given by:
1 . . 1 . :
f¢(x;y):f(x)+z) On i fOQyt..yn = f(x) + ZJHD{}f?’i;”f(x)y'l...yn. (4.3)
n> n> '

PROOF In local coordinateg’s one ha&f(exg(ty) 5o ka)(exg(ty) dt(exg(ty) and

S f(exnty) = Sui (93, F)(expety) S (exty)* §(expty)! + Ti; (Aef) (expety) & (expty). The
definition of the exponential map imply that

2

d d
ae (expty)k = —ZF,S exg(ty exg(ty) (exg(ty) (4.4)

hencew f(expty) = Tk (0F f)(expty) %(exgty)k%(exg(ty)'. By induction, one gets

n

d n E k1 E kn
go @Ry = 5 (Do i, Pexpty) (expty)®... - (expty)

ki

and the result follows dt= 0.

Definition 6 [4] The Grothendieck connectidd® on E is defined by:

DSsxy) = i, SXO:exn (xp(y)) @5)

for any curvet — x(t) € M representin € TyM and for anyse I' (M, E). It is locally given by

i J Xi1
D = Zx (ax +Zz ( 9 ) > ayk) (4.6)
wheregy(y) = ¢(x,y) is the Taylor expansion of exgaty = 0:
(Y = x4y~ zr )Y Y+ o Z < (BT &) (x (%) +23 Tis(x ()T (%) > Y VY +0(y").

Remark 2 ¢ From the definition (4.5) itis clear th&X® is flat (Df o DY — DZ o D§ = D, ).
e It is also obvious thab®(f,) =0Vf € C*(M).
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Lemma 4 [4] Introducing the operator on E-valued forms on M
5= a2 (@.7)
255y '
one can write
DC=_6+0+A (4.8)
where
O=YdX[o —-Srky o (4.9)
ot (-3

is the covariant derivative on E associateddoand where A is d-form on M with values in the
fiberwize vectorfields on E,

AGy) =t 3 dXA(xy) 3 = Y d¢ (—é 5y Rﬁs<x>yfy5+o<y3>) Ay (4.10)

One extends as usual the operddSrto the spac€ (M, E) of E-valued forms orM:

D¢ =—-8+0'+A with D’:d—Zd)&F!‘j y! O (4.11)
1

One introduces the operatér = Ejyj i(%) on Q(M,E). Clearly (6*)> = 0,62 = 0 and for any

o € Q9M,Ep), i.e. ag-form of degreepiny, we have(66* +6*8)w = (p+Q)o.
Defining, for anyw € Q4(M, Ep)

o= 2 5w
pP+q
=0 whenp=qg=0

whenp+q#0

we see that ang-closedg-form w of degreep in y, whenp+ q > 0, writes uniquely a = §c with
8*c =0; o is given byc = § 1.

One proceeds by induction on the degreg ia see that the cohomoly &€ is concentrated in degree
0 and that any flat section & is determined by its part of degree 0yinIndeed ag-form @ is D®-
closed iffdw = (' + A) w; this implies thai w, = 0 for w, the terms of lowest ordepf in y. When
p+qg > 0 we can writew, = §(§ twp) andw — D¢(51wy) has terms of lowest order at legst- 1

in y. Remark that given any sectiaof E thens(x;y = 0) determines a smooth functidnon M. If
D®s =0, thens— fy is still DC closed. By the above, Its terms of lowest ordelyimust be of the
form 8§ hence must vanish since we have a 0-form. Hence we have:

Lemma 5 [4] Any section of the jet bundle s I'(E) is the Taylor expansion of the pullback of a
smooth function f on M via the exponential map of the connectidrand only if it is horizontal for
the Grothendieck-connectiorn®™d

s=fyforaf € C°(M) < se Mpo(E) := {s € [(E)|D®Y =0}. (4.12)

Furthermore, the cohomology ofDis concentrated in degree 0. In other word, one obtains a
“Grothendieck-resolution” of the algebra of smooth functions, i.e.

H*(Q(M,E),D®) = HY(Q(M,E),D®) = IM/(E) = C”(M).
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Remark 3 When ag-form  is D® exact, we have writtew = D®o where the tensors definirgare
given by universal polynomials (with no-loop concatenations) in the tensors detinittee tensors
definingA, the curvature of the connection, and their iterated covariant derivatives.

Lemma 6 The1-form A on M with values in the fiberwize vectorfields on E is given yyA=:
5 ik dX AX(x;y) o, where the Aare universal polynomials given by (no-loop) concatenations of itera-
tive covariant derivatives of the curvature; they are of the form

SO RO RE .(ORY, Y.y (4.13)

i j1-

In particular 1A = 0 since the curvature is skewsymmetric in its first two lower arguments. The
1-form A is uniquely characterized by the fact tiat!A = 0. and the factthat 6 = —§ + ' + A is
flat, i.e: (DG)2 = 0 which is equivalent to

SA=RY + 'A+ %[A, A (4.14)

for 3{AA(X.Y) 1= [A(X),A(Y)] and R’ = ~ R, d¥ A dely ;.

PROOF Any sectionse I'(M,E) writes Z"S:o%ﬂ.,,i,,(x)w - -y'» with symmetricp covariant tensors

s i, Write A y) = 5> (AT (x))¥), vt ..yl d with (AP (x))ls = =3 3 s Ris(X)Y'y®. Then
the covariant tensors @$s are given by the symmetrisation of

p—2
(D$9)® = —i(X)sPHt 4 OxsP + %(Aw-f)(x»kayksf“.
r=|

The fact thaD®(f,) = 0 Vf € C*(M) implies the expression given in the lemma forIndeed, the
symmetric tensors defininfy, are given by%Dp’symf and we must have

0 = ( ax'f(p)n ip__(pjl)!

1,
* %< AP )l J1edpr I (DH Symf)kjpfr+1~~~jp

with the last terms symmetrized in thes. The commutation of covariant derivatives ofjdorm w
gives

1
(Dp+175ymf)ijl...jp + a (I:J(I:Jpsymf))ijl‘_.jp

2
(TP 2 ) gy — (OP2 )iy g, = Z)Rﬁur )1 asieaip

and implies by induction thatJ(OP=Y™f));j,..j, — (OP*EY™f); i is a universal expression con-
tracting covariant derivatives of the curvature tensor with Iower covarlant derivatiiesfdahe form
(0.R)E(O.RE....(OR) . (OFHYMf)g

B t 1

with the j’s put in a symmetrised way at th's, and for 0<r < p— 2. Hence the expression fér
Observe thatl§ 4+ dd = 0 and alsoS)’ + 'S = 0 sincel is torsionfree. HenccéDG)2 = 0 iff
—SA+RY + A+ %[A,A] vanishes on all sections &f; since it is a 2-form oM with values in the

fiberwize vectorfields o, this must vanish.
]
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Dolgushev [7] gave in a similar spirit a construction for a Kontsevich's formality quasi-isomorphism
for a general smooth manifold. The construction starts again with a torsionfree linear conexion
onM. A resolution (called Fedosov's resolution in Dolgushev’s paper) of the algebra of functions is
given using the complex of algebré@(M, E), D) for a flat connexion (differentialpg defined by

DE:=0-6+A (4.15)
whereAis a 1-form onM with values in the fiberwize vectorfields &) obtained by induction on the

order iny by the equation

1
SAA). (4.16)

This implies tha ~*A = 0 and§A = R” + O'A+ 3[A A so thatA coincides with the 1-form already
considered. Hence

A=5RV+5 Y OA+

Lemma 7 The differential [¥ and D= coincide.

Similarly, Dolgushev defined a resolution of polydifferential operators and polyvectorfields on
M using the complexef (M, Zpoy), DZ"™) and (Q(M, Thoy), DZP) where Zhy is the bundle of
formal fiberwize ponvectorfieIds oR and %,y is the bundle of formal fiberwize polydifferential
operators of. A section of.7X, is of the form

) )
ayjl/\.../\m,

j1.] in
Z(xy) = 20211 Yty (4.17)
where 711 Jk“( x) are coefficients of tensors, symmetric in the covariant indiges. i, and anti-

I1.. d
symmetric in the contravariant indicgs .. ., j.1. A section ofZK s of the form

poly
alal\ ool
ak+1
X y %ﬁ)ll In yl ayal ® 3yak+17 (418)
where theyy are multi-indices antﬂ?’,1 ,“"“(x) are coefficients of tensors symmetric in the covariant
indicesiy,...,in. and symmetric in each block of contravariant indices.

The space€)(M, Zpoly) andQ(M, Zya1y) have a formal fiberwise DGLA structure. Namely, the
degree of an element (M, F01y) (resp.Q(M, Zpaly) ) is defined by the sum of the degree of the
exterior form and the degree of the polyvector field (resp. the polydifferential operator), the bracket on

Q(M, Tpaly) is defined byw, ® F1, 0, ® Folsni= (— 1%y A @ [F1 F2)sn for ay ag; form and
Zi a section mﬂ"', and similarly forQ(M, Zpq1y) using the Gerstenhaber bracket. The differential
on Q(M, Zaly) is 0 and the differential 0@(M, Zy1y) is defined by := [mp¢,.Jc wheremyys is the
fiberwize multiplication of formal power series yrof E.

Definition 7 [7] The diﬂ‘erentialDfpOIy is defined orQQ(M, Zpa1y) by
Dgpolyy = Opoly ZF — §Tvoly F 4 (A, F]sn (4.19)

where(%eoy. 7 = d.7 — | 53 dXTK yl 9y, 7 o and whered.# = [z, dx -2, 0‘] . Similarly DJpoly

ay
is defined orQQ(M, Zo1y) by

Dfpolyﬁ = 0%y G — §70 G + [A, O (4.20)
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with 0%woy and§Zroy defined as above with the Gerstenhaber bracket.
Again the cohomology is concentrated in degree 0 and a flat seéfiah 7oy OF 0 € Ppoly iS
determined by its term& or & of order O iny; it is defined inductively by

F = Fo+ 8 <D%0'yﬁ +IA, ﬁ]g,\o O =0+51 (D@pom+ A, @’]G) .
On the other hand, 8 ...s1 are sections ok, we have for a# € I'(M, Zp1y):

Zpol
De (Z(s1,...,%+1)) = (D" Z) (s, ..., 1) +F (DESt, .. Sera) + -+ F (St ..., DESkr1)
(4.21)
and similarly for ag’ € ' (M, Zpoly)-

Definition 8 [3] As in Cattaneo et al. we associate to a polyvector fleld T;'fo|y(M) a section
Fo € T (M, Zhay) : for a pointx € M one considers the Taylor expansion (infinite fegx;y) aty = 0
of the push-forwardexp,); 1F (exp.y). Clearly this definition implies that, (f,) = (X f)y so thatFy

is uniguely determined by the fact that

Fo(fh,.... i) = (F(fl,..., f"+1)>¢ vilec™(Mm). (4.22)

Similarly we associate to a differential opera@®e D',‘) (M) a sectiorD, € I' (M, Zpoly) determined

by the fact that

oly

Op (..., fH) = <O(f1,..., f"+1)>¢ vleco(m). (4.23)
Observe thab*F, = 0 by 4.21 and 4.22 and similar§*”0, = 0, hence we have

Proposition 4 A section of7y is D"Z”"'y—horizontal if and only if is a Taylor expansion of a polyvec-

torfield on M, i.e. iff it is of the form j~for some Fe T;I)(my(M)-
Similarly a section 07,y is D?p"'y—horizontal if and only if is of the form ©for some Ge D';O,y(M).

The terms in such a flat section are defined by tensors which are universal polynomials (involving con-
catenations of no-loop type) in the tensors defining the polyvectorfield (or differential operator) on M,
the curvature tensor and their iterated covariant derivatives.

Observe also thatr closed sectios € Q4M,E) or.# € Q4M, Tpoly) or & € QUM, Zpay) for q>
1 is the boundary of a section defined by tensors which are given by universal polynomials (involving
concatenations of no-loop type) in the tensors defining the section, the curvature tensor and their
iterated covariant derivatives.

The isomorphisms obtained are isomorphisms of differential graded Lie algebras.

5 Construction of a universal star products

The construction of a star product on any Poisson manifold by Cattaneo, Felder and Tomassini pro-
ceeds as follows: one gquantize the identification of the commutative algebra of smooth functions on
M with the algebra of flat sections &fin the following way.

A deformed algebra stucture 61iM, E)[[Vv]] is obtained through fiberwize quantization of the jet bun-

dle using Kontsevich star product @f. Precisely, one considers the fiberwize Poisson structure on

E defined byA, and the fiberwize Kontsevich star productiofM, E)[[v]]:

00 n

oAl T=0T+ Y %Un(/\(p,...,/\w(cr,r).
n=1""
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The operatob¥; is not a derivation of this deformed product; one constructs a flat connétidrich
is a derivation oﬁk/K\‘”. One defines first

[ Vj R
D§:x+%?uj+l(x,/\¢,...,/\¢) (5.1)
= :

whereX = DQ — X is a vertical vectorfield o&. The formality equations imply th& is a derivation
of the star product. Using the fact that(£) = & for any vector fields and that, fom > 2, the maps
Un(&, ap,...,an) =0if £ is alinear vector field, we see that

00 Vj ~
Dx =D%+ Y Fu,-+1(x7/\¢,...,/\¢) (5.2)
=

whereX = Si xi(—ay + S AKX ) dy) as defined in equation 4.10, so that it is given by universal
polynomials (with no-loop type concatenatons) in the tensors defiXingpe curvature tensor and
their iterated derivatives. The connectibh is not flat so one deforms it by

so thatD is flat. The 1-formy is constructed inductively using the fact that the cohomologpef
vanishes.

The next point is to identify series of functions bhwith the algebra of flat sections of this quantized
bundle of algebras to define the star produchMan

This is done by buildind a map : I'(M,E)[[v]] — I'(M,E)[[v]] so thatp c D® = Do p. This map is
again constructed by induction using the vanishing of the cohomology.

All these points show that the star product constructed in this way is universal.

Similarly, one can show that Dolgushev’s formality is universal in the following sense. Dolgu-
shev constructs b., morphism from the differential graded Lie algebra of polyvectorfield$/oto
the differential graded Lie algebra of polydifferential operatordvbngiving its Taylor coefficients,
i.e. a collection of mapSJjD associating tg multivectorfieldsik, on M a multidifferential operator
UjD(al, ..., aj). The tensors defining this operator are given by universal polynomials (involving con-
catenations of no-loop type) in the tensors definingdis, the curvature tensor and their iterated
cavariant derivatives.
Indeed thisL.-morphism is obtained in two steps from the fiberwize Kontsevich formality from
Q(M, Fpoly) t0 Q(M, Zpely) building first a twist which depends only on the curvature and its co-
variant derivatives, then building a contraction using the vanishing ddgheohomology.
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